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Supplementary Materials

In this supplement, Section A and B provide some basic lemmas and proofs of theorems

respectively. Section C reports additional simulation results.

Throughout this supplementary document, Op (or Op) denotes a sequence of random

variables of certain order in probability. For instance, Op(n−1/2) means a smaller order

than n−1/2 in probability, and by Oa.s. (or Oa.s.) almost surely O (or O). In addition,

Up denotes a sequence of random functions which are Op uniformly defined in the domain.

For any vector a = (a1, . . . , an) ∈ Rn, denote the norm ‖a‖r = (|a1|r + · · · + |an|r)1/r,

1 ≤ r < +∞, ‖a‖∞ = max (|a1| , . . . , |an|). For any matrix A = (aij)
m,n
i=1,j=1, denote its Lr

norm as ‖A‖r = maxa∈Rn,a 6=0 ‖Aa‖r ‖a‖
−1
r , for r < +∞ and ‖A‖r = max1≤i≤m

∑n
j=1 |aij |,

for r = ∞. For any random variable X, if it is Lp-integrable, denotes its Lp norm as

‖X‖p = (E |X|p)1/p.
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A. Preliminaries

In order to investigate the estimation structure in greater depth, we decompose

the estimation error η̂t (x) − ηt (x) into three terms convenient. As the same se-

quence order of equation (2.5), denote the data vector m =
(
{m(xij)}M,Ni

i=1,j=1

)>
,

et =
(
{σ(xij)εt,ij}M,Ni

i=1,j=1

)>
, φk =

(
{φk(xij)}M,Ni

i=1,j=1

)>
and Rt =

∑∞
k=1 ξtkφk. Then

the estimator η̂t(x) can be decomposed into there terms:

η̂t(x) = m̃(x) + ξ̃t(x) + ẽt(x), (S.1)

where m̃(x), ξ̃t(x), ẽt(x) are the solutions of (2.6) with Yt,ij replaced by m (xij) ,

Rt (xij) , σ (xij) εt,ij respectively, i.e. m̃(x) = B̃(x)>
(
X̃>X̃

)−1

X̃>m, ξ̃t(x) =

B̃(x)>
(
X̃>X̃

)−1

X̃>Rt and ẽt(x) = B̃(x)>
(
X̃>X̃

)−1

X̃>et.

For any L2 integrable functions φ(x) and ϕ(x) defined on Ω, take 〈φ, ϕ〉 =∫
Ω
φ(x)ϕ(x)dx as their theoretical inner product and 〈φ, ϕ〉2,N = N−1

∑N
i=1 φ(xi)ϕ(xi)

as their empirical inner product, with regular L2 norm ‖φ‖2
L2

= 〈φ, φ〉 and empirical

norm ‖φ‖2
2,N = 〈φ, φ〉2,N .

Recall the set of transformed Bernstein basis polynomials
{
B̃`(x)

}q
`=1

and B̃(x) =

Q>2 B(x), X̃ = XQ2 defined in Section 2.2, denote by

ΓN,0 = N−1X̃>X̃ =
(〈

B̃`(x), B̃`′(x)
〉

2,N

)q
`,`′=1

, V = Q2Γ
−1
N,0Q

>
2 ,
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two symmetric positive definite matrices.

Lemma A.1. (Lemma B.6 of Wang et al. (2020)) Suppose that 4 is a π-quasi-

uniform triangulation, if N1/2 |4| → ∞ as N → ∞, then there exists constants

0 < c < C < ∞, such that with probability approaching 1 as N → ∞, n → ∞, one

has

c |4|2 ≤ λmin(ΓN,0) ≤ λmax(ΓN,0) ≤ C |4|2

Lemma A.2. (Theorem 10.10 of Lai and Schumaker (2007)) Suppose that 4 is

a π-quasi-uniform triangulation of a polygonal domain Ω, and g(·) ∈ Wd+1,∞ (Ω).

For bi-integer (a1, a2) with 0 ≤ a1 + a2 ≤ d, there exists a spline g∗ ∈ Srd (4)

(d ≥ 3r + 2) such that
∥∥∇a1

z1
∇a2
z2

(g − g∗)
∥∥
∞ ≤ C |4|d+1−a1−a2 |g|d+1,∞, where C is a

constant depending on d, r and the shape parameter π.

Lemma A.3. (Theorem 2.6.7 of Csőrgő and Révész (1981)) Suppose that ξi, 1 ≤ i ≤

n are iid with E(ξ1) = 0, E(ξ2
1) = 1 and H(x) > 0 (x ≥ 0) is an increasing continuous

function such that x−2−γH(x) is increasing for some γ > 0 and x−1 logH(x) is de-

creasing with EH (|ξ1|) <∞. Then there exist constants C1, C2, a > 0 which depend

only on the distribution of ξ1 and a sequence of Brownian motions {Wn(m)}∞n=1, such

that for any {xn}∞n=1 satisfying H−1 (n) < xn < C1 (n log n)1/2 and Sm =
∑m

i=1 ξi,

then P {max1≤m≤n |Sm −Wn (m)| > xn} ≤ C2n {H (axn)}−1 .

Lemma A.4. (Theorem 1.5.4 of van der Vaart (1998)) T is a arbitrary set. Let
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Xα : Ωα → `∞(T ) be arbitrary. Then Xα converges weakly to a tight limit if and only

if Xα is asymptotically tight and the marginals (Xα(t1), . . . , Xα(tk)) converge weakly

to a limit for every finite subset t1, . . . , tk of T . If Xα is asymptotically tight and

its marginals converge weakly to the marginals (Xα(t1), . . . , Xα(tk)) of a stochastic

process X, then there is a version of X with uniformly bounded sample paths and

Xα
d−→ X.

Lemma A.5. (Theorem 1.5.6 of van der Vaart (1998)) A net Xα : Ωα → `∞(T ) is

asymptotically tight if and only if Xα is asymptotically tight in R for every t and s,

for all ε, η > 0, there exists a finite partition T = ∪ki=1Ti such that

lim sup
α→∞

P
(

sup
1≤i≤k

sup
s,t∈Ti

|Xα(s)−Xα(t)| > ε

)
< η. (S.2)

Lemma A.6. For a π-quasi-uniform triangulation 4, if N1/2 |4| → ∞ as N →∞,

then there exists constants 0 < c < C <∞, such that with probability approaching 1

as N →∞, n→∞, one has

c |4|−2 ≤ λmin(V) ≤ λmax(V) ≤ C |4|−2

Proof. For any q-dimensional vector θ, one has θ>Vθ = θ>Q2Γ
−1
N,0Q

>
2 θ.
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According to Lemma A.1, there exists

c |4|−2
∥∥Q>2 θ∥∥2

2
≤ θ>Q2Γ

−1
N,0Q

>
2 θ ≤ C |4|−2

∥∥Q>2 θ∥∥2

2

Note that
∥∥Q>2 θ∥∥2

2
= θ>Q2Q

>
2 θ and the eigenvalues of Q2Q

>
2 are either 0 or 1, thus∥∥Q>2 θ∥∥2

2
≤ θ>θ, which leads to

c |4|−2 ‖θ‖2
2 ≤ θ

>Q2Γ
−1
N,0Q

>
2 θ ≤ C |4|−2 ‖θ‖2

2 .

Hence c |4|−2 ≤ λmin(V) ≤ λmax(V) ≤ C |4|−2.

Lemma A.7. For any Bernstein basis polynomials Bl(x), x ∈ Ω of degree d ≥ 0,

we have

M∑
i=1

Ni∑
j=1

B`(xij) = O
(
N |4|2

)
, ∀` = 1, . . . , p, (S.3)

p∑
`=1

B` (xij) = O(1), ∀i = 1, . . .M, j = 1, . . . , Ni, (S.4)

max
1≤l,l′≤p

max
1≤i≤M,1≤j≤Ni

sup
x∈Th
|B`(xij)B`′(xij)−B`(x)B`′(x)| = O

(
N−1/2 |4|−1) ,

(S.5)

where Th ∈ 4 is the one which contains xij.

Proof. It is trivial that (S.3) holds. For any fixed xij, i = 1, . . .M , j =
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1, . . . , Ni, assume that Th ∈ 4 is the triangle that contains xij. Note that there are

d∗ = (d+ 1)(d+ 2)/2 Bernstein basis polynomials on each triangle, then

p∑
`=1

B`(xij) =
∑

{`:d`/d∗e=h}

Bl(xij) ≤ (d+ 1)(d+ 2)/2 = O (1)

Denote by ω(f, h) = max {|f(x, y)− f(x̃, ỹ)| : (x, y), (x̃, ỹ) ∈ T, |x− x̃|2 + |y − ỹ|2 ≤ h2}

the modulus of continuity of f relative to the triangle T . Since for any ` = 1, . . . , p,

B` (·) ∈ C1(T ), then ω
(
B`, N

−1/2
)
≤ N−1/2|B`|1,∞,T ≤ CN−1/2 |4|−1, thus

|B`(xij)B`′(xij)−B`(x)B`′(x)|

= |B`(xij)B`′(xij)−B`(x)B`′(xij) +B`(x)B`′(xij)−B`(x)B`′(x)|

= |B`′(xij)| |B`(xij)−B`(x)|+ |B`(x)| |B`′(xij)−B`′(x)|

= |B`′(xij)|ω
(
B`, N

−1/2
)

+ |B`(x)|ω
(
B`′ , N

−1/2
)

= O
(
N−1/2 |4|−1) .

The proof is completed. �

For any function φ ∈ C (Ω), denote the vector φ = (φ(xij))
> as the order of

(2.5) and the function φ̃(x) = B̃>(x)(X̃>X̃)−1X̃>φ.

Lemma A.8. There exists cd ∈ (0,∞) such that when n is large enough, ‖φ̃‖∞,Ω ≤

cd‖φ‖∞,Ω for any φ ∈ C (Ω). Furthermore, if φ ∈ Wd+1,∞ (Ω) for some µ ∈ (0, 1],
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then there exists C̃d,r, such that

‖φ̃− φ‖∞,Ω ≤ C̃d,r |φ|d+1,∞,Ω |4|
d+1.

Proof. Note that for any x ∈ Ω, at most (d + 1)(d + 2)/2 numbers of

B1(x), · · · , Bp(x) are between 0 and 1, others being 0 , so

∥∥∥φ̃∥∥∥
∞,Ω

=
∥∥N−1B>(x)VX>φ

∥∥
∞,Ω

≤ (d+ 1)(d+ 2)

2
N−1

∥∥VX>φ
∥∥
∞

≤ C
(d+ 1)(d+ 2)

2N
|4|−2 ‖φ‖∞,Ω

∥∥X>1N
∥∥
∞ ,

in which 1N = (1, . . . , 1)> is a N -dimensional constant vector. Clearly, (S.3) ensures

that ∥∥XT1N
∥∥
∞ = max

1≤l≤p

M∑
i=1

Ni∑
j=1

Bl(xij) ≤ CN |4|2,

which implies ‖φ̃‖∞,Ω ≤ cd‖φ‖∞,Ω.

Now if φ ∈ Wd+1,∞ (Ω), let g ∈ Srd (4) be such that ‖g−φ‖∞ ≤ Cd,r |4|d+1 |φ|d+1,∞,Ω

according to Lemma A.2, then g̃ ≡ g as g ∈ Srd (4), hence

‖φ̃− φ‖∞,Ω = ‖φ̃− g̃‖∞,Ω + ‖φ− g‖∞,Ω

≤ (cd + 1)‖φ− g‖∞,Ω ≤ C̃d,r |φ|d+1,∞,Ω |4|
d+1
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The proof is completed.

Lemma A.9. For n > 2, a > 2, Wi ∼ N (0, σ2
i ) , σi > 0, i = 1, . . . , n

P
(

max1≤i≤n |Wi/σi| > a
√

log n
)
<

√
2

π
n1−a2/2. (S.6)

As n→∞, (max1≤i≤n |Wi|) / (max1≤i≤n σi) ≤ max1≤i≤n |Wi/σi| = Oa.s.
(√

log n
)
.

Proof. Note that

P
(

max1≤i≤n

∣∣∣∣Wi

σi

∣∣∣∣ > a
√

log n

)
≤

n∑
i=1

P
(∣∣∣∣Wi

σi

∣∣∣∣ > a
√

log n

)
≤ 2n

{
1− Φ

(
a
√

log n
)}

< 2n
φ
(
a
√

log n
)

a
√

log n
≤ 2nφ

(
a
√

log n
)

=

√
2

π
n1−a2/2,

for n > 2, a > 2, which proves (S.6). The lemma follows by applying Borel-Cantelli

Lemma with choice of a > 2.

Lemma A.10. Assumption (A5) holds under Assumptions (A3), (A4) and (A5′).

Proof. Under Assumption (A5′), E |ζtk|r1 < ∞, r1 > 4 + 2α, E |εt,ij|r2 < ∞,

r2ω > 2 + θ, where α is defined in Assumption (A4) and θ is defined in Assumption

(A3), so there exists some β1 ∈ (0, 1/2), such that r1 > (2 + α) /β1.

Let H(x) = xr1 . Lemma A.3 entails that there exist constants c1k and ak de-

pending on the distribution of ζtk, such that for xn = (n+ In)β1 , (n+In)/H (akxn) =
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a−r1k (n+ In)1−r1β1 and iid N (0, 1) variables Ztk,ζ ,

P

{
max

−In+1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζtk −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > (n+ In)β1

}
< c1ka

−r1
k (n+ In)1−r1β1 ,

Since there are only a finite number of distinct distributions for {ζtk}n,knt=−In+1,k=1 by

Assumption (A5′), there exists a common c1 > 0, such that

max
1≤k≤kn

P

{
max

−In+1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζt,k −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > (n+ In)β1

}
< c1 (n+ In)1−r1β1 .

Since In � nι, 0 < ι < 1, by definition, then Cr inequality leads to that

(n+ In)β1 ≤ C0n
β1 for some constant C0. Because 1 − r1β1 < 0, it is clear that

(n+ In)1−r1β1 < n1−r1β1 . Thus one has

max
1≤k≤kn

P

{
max

−In+1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζt,k −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > C0n
β1

}
< c1n

1−r1β1 .

Recalling that r1 > (2 + α) /β1, one can let γ1 = r1β1 − 1 − α > 1, and there

exists a C1 > 0 such that

P

{
max

1≤k≤kn
max

−In+1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζt,k −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > C0n
β1

}
< knc1n

1−r1β1 ≤ C1n
−γ1 .

Similarly, under Assumption (A5′), let H(x) = xr2 , Lemma A.3 entails that
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there exists constants c2 and b depending on the distribution of εij, such that for

xN = Nβ2 , N/H(bxN) = b−r2N1−r2β2 and iid standard normal random variables

{Zt,ij,ε}n,M,Ni

t=1,i=1,j=1 such that

max
1≤t≤n

P

{
max

1≤τ≤N

∣∣∣∣∣
τ∑
k=1

εt,f1(k)f2(k) −
τ∑
k=1

Zt,f1(k)f2(k),ε

∣∣∣∣∣ > Nβ2

}
≤ c2b

−r2N1−r2β2

Assumption (A3) states that n = O
(
N θ
)
, so there is a C2 > 0 such that

P

{
max
1≤t≤n

max
1≤τ≤N

∣∣∣∣∣
τ∑
k=1

εt,f1(k)f2(k) −
τ∑
k=1

Zt,f1(k)f2(k),ε

∣∣∣∣∣ > Nβ2

}
≤ C2N

θ+1−r2β2

Note that r2ω > 2 + θ, one can choose β2 ∈ (0, ω), such that r2β2 > 2 + θ, which

ensures that γ2 = β2r2 − 1− θ > 1 and Assumption (A5) follows.

The lemma holds consequently.

Lemma A.11. Under Assumptions (A5) and (A5′), as n→∞, there are constants

C3, C4 ∈ (0,+∞), γ3 ∈ (1,+∞), β3 ∈ (0, 1/2) and a series of N (0, 1) variables

Ztk,ξ =
∑∞

t′=0 at′kZt−t′,k,ζ, t = 1, . . . , n, k = 1, . . . , kn, with Cov (Zjk,ξ, Zj+h,k,ξ) =∑∞
m=0 amkam+h,k, 1 ≤ j ≤ n, 1 ≤ h ≤ n− j, such that

P

{
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

Ztk,ξ

∣∣∣∣∣ > C3n
β3

}
< C4n

−γ3 . (S.7)

Proof. Since
∑∞

t=0 a
2
tk = 1 and |atk| < Cat

ρa , for t = 0, . . . , n, k = 1, . . . , kn,
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together with In � nι, then (t′ + In)ρa ≤ C (t′In)ρa/2 for t′ ≥ 1 and some constant

C. There also exists a constant M > 0, such that
∑In

t=0 |atk| < M . It is clear that

ξtk =
In∑
t′=0

at′kζt−t′,k +
∞∑

t′=In+1

at′kζt−t′,k,∣∣∣∣∣ξtk −
In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣ ≤
∞∑

t′=In+1

Cat
′ρa |ζt−t′,k| ,∣∣∣∣∣ξtk −

In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣ ≤ Cnρaι
∞∑
t′=1

t′
ρa/2 |ζt−In−t′,k| .

Hence,

max
1≤k≤kn

max
1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣ ≤ max
1≤k≤kn

max
1≤t≤n

Cnρaι/2+1

∞∑
t′=1

t′
ρa/2 |ζt−In−t′,k|

Denote Wtk =
∑∞

t′=1 t
′ρa |ζt−In−t′,k|, by noticing that supt,k E |ζt,k|

r1 < ∞, where

r1 > 4 + 2α,

‖Wtk‖r1 ≤
∞∑
t′=1

t′
ρa/2 ‖ζt−In−t′,k‖r1 <∞.

Therefore, EW r1
tk < K for some K > 0, t = 1, . . . , n, k = 1, . . . , kn. Note that

kn = O (nα) in Assumption (A4), thus

P
(
Cnρaι/2+1 max

1≤k≤kn
max
1≤t≤n

Wtk > Mnβ3
)
< nkn

Cr1K

M r1
n−(β3−1)r1 <

Cr1K

M r1
n−(β3−ρaι/2−1)r1+1+α.
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So,

P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣ > Mnβ3

]
<
Cr1K

M r1
n−(β3−ρaι/2−1)r1+1+α.

Next, define Utk =
∑∞

t′=In+1 at′kZt−t′,k,ζ , then Utk ∼ N
(
0,
∑∞

t′=In+1 a
2
t′k

)
, k = 1, . . . , kn.

It is obvious that

max
1≤k≤kn

max
1≤τ≤n

∣∣∣∣∣
τ∑
t=1

∞∑
t′=In+1

at′kZt−t′,k,ζ

∣∣∣∣∣ ≤ n max
1≤k≤kn

max
1≤t≤n

|Utk| .

Note that
∑∞

t′=In+1 a
2
t′k < Cn(2ρa+1)ι for some C > 0, k = 1, . . . , kn and kn = O (nα)

for some α > 0, one has

P
(
n max

1≤k≤kn
max
1≤t≤n

|Utk| > Mnβ3
)
< nkn

Cn(2ρa+1)ι

M2 (nβ3−1)2 <
C

M2
n(2ρa+1)ι−2β3+α+3,

which leads to

P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

∞∑
t′=In+1

at′kZt−t′,k,ζ

∣∣∣∣∣ > Mnβ3

]
<

C

M2
n(2ρa+1)ι−2β3+α+3.

Now Assumption (A5) entails that for 0 ≤ t′ ≤ In, 1 ≤ t ≤ n, −In + 1 ≤ t− t′ ≤ n

P

{
max

1≤k≤kn
max

−In+1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζtk −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > C0n
β3

}
< C1n

−γ1 .
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Then,

P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

In∑
t′=0

at′k(ζt−t′,k − Zt−t′,k,ζ)

∣∣∣∣∣ > 2MC0n
β3

]

= P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
In∑
t′=0

at′k

τ∑
t=1

(ζt−t′,k − Zt−t′,k,ζ)

∣∣∣∣∣ > 2MC0n
β3

]

≤ P

[
max

1≤k≤kn

{
In∑
t′=0

|at′k| max
1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ζt−t′,k −
τ∑
t=1

Zt−t′,k,ζ

∣∣∣∣∣
}
> 2MC0n

β3

]

≤ P

[
M max

1≤k≤kn
max

1≤τ≤n
max

0≤t′≤In

∣∣∣∣∣
τ∑
t=1

ζt−t′,k −
τ∑
t=1

Zt−t′,k,ζ

∣∣∣∣∣ > 2MC0n
β3

]

≤ P

{
2 max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑

t=−In+1

ζtk −
τ∑

t=−In+1

Ztk,ζ

∣∣∣∣∣ > 2C0n
β3

}
< C1n

−γ1

Hence,

P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

(
∞∑
t′=0

at′kZt−t′,k,ζ

)∣∣∣∣∣ > 4MC0n
β3

]

= P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

In∑
t′=0

at′kζt−t′,k +
τ∑
t=1

In∑
t′=0

at′kζt−t′,k −
τ∑
t=1

In∑
t′=0

at′kZt−t′,k,ζ

−
τ∑
t=1

∞∑
t′=In+1

at′kZt−t′,k,ζ

∣∣∣∣∣ > 4MC0n
β3

]

≤ P

[
max

1≤k≤kn
max

1≤τ≤n

{∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣+

∣∣∣∣∣
τ∑
t=1

In∑
t′=0

at′kζt−t′,k −
τ∑
t=1

In∑
t′=0

at′kZt−t′,k,ζ

∣∣∣∣∣
+

∣∣∣∣∣
τ∑
t=1

∞∑
t′=In+1

at′kZt−t′,k,ζ

∣∣∣∣∣
}
> 4MC0n

β3

]

≤ P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

In∑
t′=0

at′kζt−t′,k

∣∣∣∣∣ > MC0n
β3

]
+ P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

In∑
t′=0

at′kζt−t′,k
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−
τ∑
t=1

In∑
t′=0

at′kZt−t′,k,ζ

∣∣∣∣∣ > 2MC0n
β3

]
+ P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

∞∑
t′=In+1

at′kZt−t′,k,ζ

∣∣∣∣∣ > MC0n
β3

]

≤ Cr1K

M r1
n−(β3−ρaι/2−1)r1+1+α + C1n

−γ1 +
C

M2
n(2ρa+1)ι−2β3+α+3 < C4n

−γ3

Denote C3 = 4MC0 and Ztk,ξ =
∑∞

t′=0 at′kZt−t′,k,ζ , t = 1, . . . , n, k = 1, . . . , kn, then

{Ztk,ξ}n,knt=1,k=1 are N(0, 1) variables and Cov (Zj,k,ξ, Zj+h,k,ξ) =
∑∞

m=0 amkam+h,k, 1 ≤

j ≤ n, 1 ≤ h ≤ n− j, thus

P

[
max

1≤k≤kn
max

1≤τ≤n

∣∣∣∣∣
τ∑
t=1

ξtk −
τ∑
t=1

Ztk,ξ

∣∣∣∣∣ > C3n
β3

]
< C4n

−γ3 .

The proof is completed.

Lemma A.12. Under Assumptions (A2), (A5) and (A6),

max
1≤`≤p

∣∣∣∣∣(nN)−1
n∑
t=1

M∑
i=1

Ni∑
j=1

B`,p(xij)σ (xij)Zt,ij,ε

∣∣∣∣∣ = Oa.s.(n−1/2N−1/2|4| log1/2N).

Proof. Note that (nN)−1∑n
t=1

∑M
i=1

∑Ni

j=1 B`(xij)σ (xij)Zt,ij,ε =

N−1
∑M

i=1

∑Ni

j=1B`,p(xij)σ (xij)Z·ij,ε, where Z·ij,ε = n−1
∑n

t=1 Zt,ij,ε, then apply Lemma

A.9 to obtain the uniform bound for the zero mean Gaussian variablesN−1
∑N

i=1 B`(xij)σ (xij)Z·ij,ε,

1 ≤ ` ≤ p with variance

E

{
N−1

M∑
i=1

Ni∑
j=1

B`,p(xij)σ (xij)Z·ij,ε

}2

= n−1N−2

M∑
i=1

Ni∑
j=1

B2
`,p (xij)σ

2 (xij)
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= n−1N−1 ‖B`,pσ‖2
2,N � |4|

2N−1n−1.

It follows from Lemma A.9 that

max
1≤`≤p

∣∣∣∣∣N−1

M∑
i=1

Ni∑
j=1

B`,p(xij)σ (xij)Z·ij,ε

∣∣∣∣∣ = Oa.s.
{
n−1/2N−1/2|4| log1/2 p

}
= Oa.s.

(
n−1/2N−1/2|4| log1/2N

)
, (S.8)

where the last step follows from Assumption (A6) on the order of |4| relative to N .

Thus the lemma holds.

Lemma A.13. Under Assumptions (A2), (A5) and (A6), one has

sup
x∈Ω

n−1

∣∣∣∣∣
n∑
t=1

ẽt(x)

∣∣∣∣∣ = Oa.s
(
n−1/2N−1/2|4|−1 log1/2N +Nβ2−1/2|4|−1 +Nβ2−1|4|−2

)

Proof. According to Assumption (A5), it is trivial that

max
1≤t≤n

max
1≤τ≤N

∣∣∣∣∣N−1

τ∑
k=1

(
εt,f1(k)f2(k) − Zt,f1(k)f2(k),ε

)∣∣∣∣∣ = Oa.s.
(
Nβ2−1

)
.

The bivariate spline satisfies that

∣∣B`

(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)∣∣ ≤ C|4|−1N−1/2
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uniformly over 1 ≤ k ≤ N and 1 ≤ l ≤ p, while the Lipschitz continuity in Assump-

tion (A2) ensures that

∣∣σ (xf1(k)f2(k)

)
− σ

(
xf1(k+1)f2(k+1)

)∣∣ ≤ LN−1/2 ≤ C|4|−1N−1/2

uniformly over 1 ≤ k ≤ N . Note that for 1 ≤ ` ≤ p, both B`(·) and σ(·) are bounded

on Ω, then

∣∣B`

(
xf1(k)f2(k)

)
σ
(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)
σ
(
xf1(k+1)f2(k+1)

)∣∣
=
∣∣{B`

(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)
+B`

(
xf1(k+1)f2(k+1)

)}
σ
(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)
σ
(
xf1(k+1)f2(k+1)

)∣∣
≤
∣∣B`

(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)∣∣σ (xf1(k)f2(k)

)
+
∣∣σ (xf1(k)f2(k)

)
− σ

(
xf1(k+1)f2(k+1)

)∣∣B`

(
xf1(k+1)f2(k+1)

)
≤C|4|−1N−1/2

Noting the support set of B`(·), one obtains that

N−1∑
k=1

∣∣B`

(
xf1(k)f2(k)

)
σ
(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)
σ
(
xf1(k+1)f2(k+1)

)∣∣
≤ CN |4|2|4|−1N−1/2 ≤ CN1/2|4|.
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Hence, for 1 ≤ ` ≤ p, 1 ≤ t ≤ n,

N−1

N∑
k=1

B`

(
xf1(k)f2(k)

)
σ
(
xf1(k)f2(k)

) (
Zt,f1(k)f2(k),ε − εt,f1(k)f2(k)

)
= N−1

N−1∑
k=1

{[
B`

(
xf1(k)f2(k)

)
σ
(
xf1(k)f2(k)

)
−B`

(
xf1(k+1)f2(k+1)

)
σ
(
xf1(k+1)f2(k+1)

)] k∑
m=1

(
Zt,f1(m)f2(m),ε − εt,f1(m)f2(m)

)}

+N−1B`

(
xf1(N)f2(N)

)
σ
(
xf1(N)f2(N)

) N∑
k=1

(
Zt,f1(k)f2(k),ε − εt,f1(k)f2(k)

)
≤

{
max
1≤t≤n

max
1≤τ≤N

∣∣∣∣∣N−1

τ∑
k=1

(
εt,f1(k)f2(k) − Zt,f1(k)f2(k),ε

)∣∣∣∣∣
}

×
(
CN1/2|4|

)
+ C

∣∣∣∣∣N−1

N∑
k=1

(
Zt,f1(k)f2(k),ε − εt,f1(k)f2(k)

)∣∣∣∣∣
= Oa.s.

(
Nβ2−1/2|4|+Nβ2−1

)

Hence,

max
1≤`≤p

∣∣∣∣∣(nN)−1
n∑
t=1

N∑
k=1

B`(xf1(k)f2(k))σ
(
xf1(k)f2(k)

) (
εt,f1(k)f2(k) − Zt,f1(k)f2(k),ε

)∣∣∣∣∣
= Oa.s

(
Nβ2−1/2|4|+Nβ2−1

)
.

Apply the triangle inequality and the result in Lemma A.12, then

max
1≤`≤p

∣∣∣∣∣(nN)−1
n∑
t=1

N∑
k=1

B`,p(xf1(k)f2(k))σ
(
xf1(k)f2(k)

)
εt,f1(k)f2(k)

∣∣∣∣∣
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= Oa.s
(
n−1/2N−1/2|4| log1/2N +Nβ2−1/2|4|+Nβ2−1

)

It is clear that (nN)−1 X>
∑n

t=1 et =
{

(nN)−1∑n
t=1

∑M
i=1

∑Ni

j=1B` (xij)σ (xij) εt,ij

}p
`=1

,

then

∥∥∥∥∥(nN)−1 X>
n∑
t=1

et

∥∥∥∥∥
∞

= Oa.s
(
n−1/2N−1/2|4| log1/2N +Nβ2−1/2|4|+Nβ2−1

)
.

By recalling the definition of ẽt(x) and Lemma A.6, one obtains

sup
x∈Ω

n−1

∣∣∣∣∣
n∑
t=1

ẽt(x)

∣∣∣∣∣ =

∥∥∥∥∥n−1N−1B(x)>VX>
n∑
t=1

et

∥∥∥∥∥
∞

= Oa.s
(
n−1/2N−1/2|4|−1 log1/2N +Nβ2−1/2|4|−1 +Nβ2−1|4|−2

)

The proof is completed.

B. Proof of theorems

B.1 Proof of Theorem 1

Under Lemma A.11, Cov (Zjk,ξ, Zj+h,k,ξ) =
∑∞

m=0 amkam+h,k, 1 ≤ j ≤ n, 1 ≤ h ≤

n− j. Then,

Var
(
Z ·k,ξ

)
= E

(
n−1

n∑
t=1

Ztk,ξ

)2

= n−2

[
n+ 2E

( ∑
1≤t≤j≤n

Ztk,ξZjk,ξ

)]
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= n−1 + 2n−2

{
(n− 1)

∞∑
t=0

atkat+1,k + (n− 2)
∞∑
t=0

atkat+2,k + · · ·+ [n− (n− 1)]
∞∑
t=0

atkat+n−1,k

}

where Z ·k,ξ =
∑n

t=1 Ztk,ξ/n. We denote ϕ̃k (x) = Z ·k,ξφk (x) , k = 1, . . . ,∞ and define

ϕn (x) = n1/2Gϕ (x,x)−1/2∑∞
k=1 ϕ̃k (x). For x1, · · · ,xl ∈ Ω and b1, · · · , bl ∈ R,

Var

(
l∑

i=1

biϕn (xi)

)
= Var

(
n1/2

l∑
i=1

biGϕ (xi,xi)
−1/2

∞∑
k=1

Z ·k,ξφk (xi)

)

= n
l∑

i=1

b2
iGϕ (xi,xi)

−1
∞∑
k=1

φ2
k (xi) Var

(
Z ·k,ξ

)
+ 2n

∑
1≤i<j≤l

bibjGϕ (xi,xi)
−1/2Gϕ (xj,xj)

−1/2

∞∑
k=1

φk (xi)φk (xj) Var
(
Z ·k,ξ

)
.

Note that

lim
n→∞

Var

(
l∑

i=1

biϕn (xi)

)

=
l∑

i=1

b2
i + 2

∑
1≤i<j≤l

bibjGϕ (xi,xi)
−1/2Gϕ (xj,xj)

−1/2
∞∑
k=1

φk (xi)φk (xj)

{
1 + 2

∞∑
m=0

∞∑
m′=m+1

amkam′k

}

=
l∑

i=1

b2
i + 2

∑
1≤i<j≤l

bibjGϕ (xi,xi)
−1/2Gϕ (xj,xj)

−1/2Gϕ (xi,xj)

= Var

(
l∑

i=1

biϕ (xi)

)
,

hence

{ϕn(x1), · · · , ϕn(xl)} →D {ϕ(x1), · · · , ϕ(xl)} . (S.10)
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Under Assumption (A4), there exists CG > 0 such that G (x,x) ≥ CG, x ∈ Ω. De-

note ω (ϕn, δ) = supx,x′∈Ω,|x−x′|≤δ |ϕn(x)− ϕn(x′)|. Given the partition Ω = ∪ki=1Ti

that |Ti| < δ, there exists sup1≤i≤k,x,x′∈Ti, |ϕn(x)− ϕn(x′)| ≤ ω (ϕn, δ). The defini-

tion of ω (ϕn, δ) implies that

ω (ϕn, δ) = sup
x,x′∈Ω,|x−x′|≤δ

|ϕn(x)− ϕn(x′)|

≤ sup
x,x′∈Ω,|x−x′|≤δ

n1/2C−1/2
ϕ

∞∑
k=1

|φk(x)− φk(x′)|
∣∣Z ·k,ξ∣∣

≤ n1/2C−1/2
ϕ δµ

∞∑
k=1

‖φk‖0,µ

∣∣Z ·k,ξ∣∣ .
Since E

∣∣Z ·k,ξ∣∣ = (2/π)1/2Var
(
Z ·k,ξ

)1/2
, thus

P [ω (ϕn, δ) ≥ ε] ≤ P

(
n1/2δµC−1/2

ϕ

∞∑
k=1

‖φk‖0,µ

∣∣Z ·k,ξ∣∣ ≥ ε

)

≤ P

(
∞∑
k=1

‖φk‖0,µ

∣∣Z ·k,ξ∣∣ ≥ ε

n1/2δµC
−1/2
ϕ

)

≤
n1/2δµC

−1/2
ϕ

∑∞
k=1 ‖φk‖0,µ E

∣∣Z ·k,ξ∣∣
ε

≤
(2/π)1/2δµC

−1/2
ϕ

∑∞
k=1 ‖φk‖0,µ

{
nVar

(
Z ·k,ξ

)}1/2

ε
.
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Note that
∑∞

k=1 ‖φk‖0,µ < +∞ under Assumption (A4) and nVar
(
Z ·k,ξ

)
→ 1 +

2
∑∞

t=0

∑∞
t′=t+1 atkat′k as n→∞, it is clear that

lim
δ→0

lim sup
n→∞

(2/π)1/2δµC
−1/2
ϕ

∑∞
k=1 ‖φk‖0,µ

{
nVar

(
Z ·k,ξ

)}1/2

ε
= 0,

thus equation (S.2) is satisfied. According to (S.10) and Lemma A.4, ϕn →D ϕ.

Denote ξ·k =
∑n

t=1 ξtk, and note that

n1/2 sup
x∈Ω

Gϕ (x,x)−1/2

∣∣∣∣∣
∞∑
k=1

(
Z ·k,ξ − ξ·k

)
φk(x)

∣∣∣∣∣
≤ n1/2 sup

x∈Ω
Gϕ (x,x)−1/2

kn∑
k=1

∣∣Z ·k,ξ − ξ·k∣∣ |φk(x)|

+ n1/2 sup
x∈Ω

Gϕ (x,x)−1/2
∞∑

k=kn+1

∣∣Z ·k,ξ − ξ·k∣∣ |φk(x)| .

According to (S.7), there exists

P
{

max
1≤k≤kn

∣∣ξ·k − Z ·k,ξ∣∣ > C3n
β3−1

}
< C4n

−γ3 .

By Borel Cantelli lemma, one has

max
1≤k≤kn

∣∣ξ·k − Z ·k,ξ∣∣ = Oa.s.
(
nβ3−1

)
. (S.11)
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By Assumption (A4),
∑∞

k=1 ‖φk‖∞ < +∞, thus
∑kn

k=1 ‖φk‖∞ < C for some

constant C. Together with (S.11) and Assumption (A3), one obtains that

n1/2 sup
x∈Ω

Gϕ (x,x)−1/2
kn∑
k=1

∣∣Z ·k,ξ − ξ·k∣∣ |φk(x)|

≤ n1/2C
−1/2
G sup

x∈Ω

kn∑
k=1

|φk(x)| max
1≤k≤kn

∣∣ξ·k − Z ·k,ξ∣∣
≤ n1/2C

−1/2
G

kn∑
k=1

‖φk‖∞,Ω max
1≤k≤kn

∣∣ξ·k − Z ·k,ξ∣∣
≤ n1/2C

−1/2
G COa.s.

(
nβ3−1

)
= Oa.s.

(
nβ3−1/2

)
= Oa.s. (1) (S.12)

Note that

(
E
∣∣ξ·k∣∣)2

=
(
E
∣∣Z ·k,ξ∣∣)2 ≤ EZ2

·k,ξ = n−1 + 2n−2

{
n−1∑
m=1

∞∑
t=0

(n−m)atkat+m,k

}
,

thus E
∣∣ξ·k∣∣ = E

∣∣Z ·k,ξ∣∣ = O
(
n−1/2

)
. In addition, Assumption (A4) states that∑∞

k=kn+1 ‖φk‖∞ = O
(
n−1/2

)
, then there exists

En1/2 sup
x∈Ω

Gϕ (x,x)−1/2
∞∑

k=kn+1

∣∣Z ·k,ξ − ξ·k∣∣ |φk(x)|

≤ n1/2C
−1/2
G

∞∑
k=kn+1

‖φk‖∞,Ω E
∣∣Z ·k,ξ − ξ·k∣∣

≤ n1/2C
−1/2
G O

(
n−1/2

)
O
(
n−1/2

)
= O (1) (S.13)
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Combining (S.12) and (S.13), one has

En1/2 sup
x∈Ω

Gϕ (x,x)−1/2

∣∣∣∣∣
∞∑
k=1

(
Z ·k,ξ − ξ·k

)
φk(x)

∣∣∣∣∣ = O (1) ,

hence

n1/2 sup
x∈Ω

Gϕ (x,x)−1/2

∣∣∣∣∣
∞∑
k=1

(
Z ·k,ξ − ξ·k

)
φk(x)

∣∣∣∣∣ = Op (1) .

Note that

ϕn(x)− n1/2Gϕ (x,x)−1/2 {m (x)−m (x)} = n1/2Gϕ (x,x)−1/2
∞∑
k=1

(
Z ·k,ξ − ξ·k

)
φk(x),

hence

sup
x∈Ω

∣∣∣ϕn(x)− n1/2Gϕ (x,x)−1/2 {m (x)−m (x)}
∣∣∣ = Op (1) .

The proof is completed by applying Slutsky’s theorem.

B.2 Proof of Theorem 2

For any k = 1 . . . ,∞, let φ̃k(x) = B̃(x)(X̃>X̃)−1X̃φk. According to the equation

(S.1),

η̂t(x)− ηt(x) = m̃(x)−m(x) + ξ̃t(x)− ξt(x) + ẽt(x) (S.9)
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By Lemma A.8, for any k = 1 . . . ,∞, there exist a constant Cd,r, independent of m

and φk, such that

‖m̃−m‖∞,Ω ≤ Cd,r |m|d+1,Ω,∞ |4|
d+1,∥∥∥φ̃k − φk∥∥∥

∞,Ω
≤ Cd,r |φk|d+1,Ω,∞ |4|

d+1,

which implies that

∥∥∥ξ̃t − ξt∥∥∥
∞,Ω

=
∞∑
k=1

|ξtk|
∥∥∥φ̃k − φk∥∥∥

∞,Ω
≤ Cd,rWt|4|d+1,

where Wt =
∑∞

k=1 |ξtk| |φk|d+1,Ω,∞ , t = 1, . . . , n are identically distributed nonnega-

tive random variables with r1-th finite absolute moment under the Assumptions (A4)

and (A5). Hence

P
{

max
1≤t≤n

Wi > (n log n)2/r1

}
≤ n

EW r1
t

(n log n)2
= EW r1

t n
−1(log n)−2,

and the Borel-Canteill lemma ensures that max
1≤t≤n

Wi = Oa.s
{

(n log n)2/r1
}

. Together

with equation (S.9) and Lemma A.13, one can obtain that

sup
x∈Ω
|m̂(x)−m(x)| = sup

x∈Ω

∣∣∣∣∣n−1

n∑
t=1

(η̂t(x)− ηt(x))

∣∣∣∣∣
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≤ max
1≤t≤n

sup
x∈Ω

∣∣∣ξ̃t(x)− ξt(x)
∣∣∣+ sup

x∈Ω
|m̃(x)−m(x)|+ max

1≤t≤n
sup
x∈Ω

∣∣∣∣∣n−1

n∑
t=1

ẽt(x)

∣∣∣∣∣
= Oa.s.

(
|4|d+1(n log n)2/r1 + |4|d+1 +Nβ2−1/2|4|−1 + n−1/2N−1/2|4|−1 log1/2N

)
= Oa.s.

(
|4|d+1(n log n)2/r1 +Nβ2−1/2|4|−1

)
= Op

(
n−1/2

)
.

B.3 Proof of Theorem 3

From Assumption (A5), one obtains that ρa < −2, satisfying the assumptions of

Theorem 3 in Wu (2005). Together with Assumption (A5′), one derives that there

exists i.i.d. normal sequences Ztk,ξ, t = 1, . . . , n, k = 1, . . . , κn, such that

max
1≤k≤κn

∣∣∣∣∣
n∑
t=1

ξtk −
√
λ∗k

n∑
t=1

Ztk,ξ

∣∣∣∣∣ = Oa.s.
(
n1/4+α(log n)3/4(log log n)1/2

)
. (S.13)

Note that α < 1/4, thus (S.11) - (S.13) still hold. One can complete the poof

following the same arguments in the proof of Theorem 1 and 2.

B.4 Proof of Theorem 4

Define the B-approximate process as

ξ̃t (·) = E {ξt (·) |ζik, i ≥ t−B, k ≥ 1}

=
∞∑
k=1

ξ̃tk,Bφk(·) =
∞∑
k=1

(
B∑
t′=0

at′,kζt−t′,k

)
φk(·).
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Let δj(x) = B−1
∑Bj

t=B(j−1)+1 {ηt (x)−m (x)} and δ̃j(x) = B−1
∑Bj

t=B(j−1)+1 ξ̃t(x).

Define the corresponding covariance functions

Gϕ,B(x,x′) =
∞∑
k=1

φk(x)φk(x
′)

{
1 + 2

B∑
t=0

(1− t/B)
∞∑

t′=t+1

atkat′k

}
,

G̃ϕ (x,x′) =
B

l

l∑
j=1

{
δj (x) δj (x′)− δ (x) δ (x′)

}
,

G̃ϕ,B (x,x′) =
B

l

l∑
j=1

{
δ̃j (x) δ̃j (x′)− δ̃ (x) δ̃ (x′)

}
,

in which Gϕ,B (x,x′) = BCov(δ̃j(x), δ̃j(x
′)), δ (x) = l−1

∑l
j=1 δj (x) and δ̃ (x) =

l−1
∑l

j=1 δ̃j (x), while G̃ϕ (x,x′) and G̃ϕ,B (x,x′) are block estimators of Gϕ (x,x′)

by infeasible trajectories and B-approximate trajectories respectively.

We decompose the difference between Gϕ (x,x′) and Ĝϕ (x,x′) into the following

four terms:

sup
x,x′∈Ω

∣∣∣Gϕ (x,x′)− Ĝϕ (x,x′)
∣∣∣

≤ sup
x,x′∈Ω

∣∣∣Ĝϕ (x,x′)− G̃ϕ (x,x′)
∣∣∣+ sup

x,x′∈Ω

∣∣∣G̃ϕ (x,x′)− G̃ϕ,B (x,x′)
∣∣∣

+ sup
x,x′∈Ω

∣∣∣G̃ϕ,B (x,x′)−Gϕ,B (x,x′)
∣∣∣+ sup

x,x′∈Ω
|Gϕ,B (x,x′)−Gϕ (x,x′)| .
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Lemma A.14. Under Assumptions (A1)–(A6), there exists

sup
x,x′∈Ω

∣∣∣Ĝϕ (x,x′)− G̃ϕ (x,x′)
∣∣∣ = Op

(
B (n log n)4/r1 |4|d+1 +B (n log n)2/r1 Nβ2−1/2|4|−1

)
.

Proof. Note that

sup
x,x′∈Ω

∣∣∣Ĝϕ (x,x′)− G̃ϕ (x,x′)
∣∣∣ ≤ 2B max

1≤j≤l

(
‖δj‖∞ +

∥∥∥δ̂j∥∥∥
∞

)
max
1≤j≤j

∥∥∥δj − δ̂j∥∥∥
∞
,

hence

max
1≤j≤l

∥∥∥δj − δ̂j∥∥∥
∞

= max
1≤t≤n

‖ηt − η̂t‖∞ +Op(n−1/2),

max
1≤j≤l

∥∥∥δ̂j∥∥∥
∞
≤ max

1≤j≤l
‖δj‖∞ + max

1≤j≤l

∥∥∥δj − δ̂j∥∥∥
∞
.

Similar with the proof of Theorem 2, one can get

max
1≤j≤l

‖δj‖∞ ≤ max
1≤t≤n

‖ξt‖∞ = Op((n log n)2/r1).

The proof is completed.

Lemma A.15. Under Assumptions (A1)–(A6), one has

sup
x,x′∈Ω

∣∣∣G̃ϕ (x,x′)− G̃ϕ,B (x,x′)
∣∣∣ = Op

(
Bρa+3/2l log l (n log n)2/r1

)
.
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Proof. Following the analogous steps of the previous lemma, one has

sup
x,x′∈Ω

∣∣∣G̃ϕ (x,x′)− G̃ϕ,B (x,x′)
∣∣∣ ≤ 2B max

1≤j≤l
‖δj‖∞ max

1≤j≤l

∥∥∥δj − δ̃j∥∥∥
∞
.

Note that

E
∥∥∥δj − δ̃j∥∥∥2

∞
≤

∞∑
k=1

E

∣∣∣∣∣
∞∑

t′=B+1

at′kζt−t′,k

∣∣∣∣∣
2

‖φk‖2
∞

≤
∞∑
k=1

∞∑
t′=B+1

(B + 1)2ρa ‖φk‖2
∞

= O(B2ρa+1),

thus

P
(

max
1≤l≤j

∥∥∥δj − δ̃j∥∥∥
∞
> Bρa+1/2l log l

)
≤ 1

l log2 l
.

Borel-Cantelli lemma leads to that max1≤l≤j

∥∥∥δj − δ̃j∥∥∥
∞

= O
(
Bρa+1/2l log l

)
. Com-

bining with max1≤j≤l ‖δj‖∞ = Op((n log n)2/r1), the lemma holds consequently.

Lemma A.16. Under Assumptions (A1)–(A6), one has

sup
x,x′∈Ω

∣∣∣G̃ϕ,B (x,x′)−Gϕ,B (x,x′)
∣∣∣ = Op(Bl−1/2).
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Proof. Denote δjk = B−1
∑Bj

t=B(j−1)+1

∑B
t′=0 at′,kζt−t′,k, then

∣∣∣G̃ϕ,B (x,x′)−Gϕ,B (x,x′)
∣∣∣ ≤ ∣∣∣∣∣

∞∑
k=1

(
Bδ·,kk − λ̃k,B

)
φk(x)φk(x

′)

∣∣∣∣∣
+2

∣∣∣∣∣
∞∑
k<k′

Bδ·,kk′φk(x)φk(x
′)

∣∣∣∣∣ ,
where δ·,kk′ = l−1

∑l
j=1 δjkδjk′ and λ̃k,B = 1 + 2

∑B
t=1 (1− t/B)

∑∞
t′=t atkat′k.

Given the independence of δik, δjk, |i− j| > 1, it follows that

E (Bδ·,kk) = E
(
Bδ2

jk

)
= λ̃k,B,

E
(
Bδ·,kk − λ̃k,B

)2

= l−2E

{
B2

l∑
j=1

δ4
jk + 2

l∑
i<j

B2δ2
ikδ

2
jk

}
− λ̃2

k,B

= l−1B2

{
Eδ4

jk +
3− 2l

l
λ̃2
k,B +

l − 1

l
Eδ2

jkδ
2
j+1k

}
= Op

(
l−1B2

)
.

Based on Assumption (A5′) , one can obtain that

E sup
x,x′∈Ω

∣∣∣∣∣
∞∑
k=1

(
Bδ·,kk − λ̃k,B

)
φk(x)φk(x

′)

∣∣∣∣∣ ≤
∞∑
k=1

E
∣∣∣Bδ·,kk − λ̃k,B∣∣∣ ‖φk‖2

= Op
(
Bl−1/2

)
.

Similarly, one can derive the order of the second part. Thus the proof is completed.
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Lemma A.17. There exists

sup
x,x′∈Ω

|Gϕ,B (x,x′)−Gϕ (x,x′)| = O
(
B2ρa+2

)
.

Proof. Denote by λ̃k = 1 + 2
∑∞

t=0

∑∞
t′=t+1 atkat′k, then

sup
x,x′∈Ω

∣∣∣G̃ϕ,B (x,x′)− G̃ϕ (x,x′)
∣∣∣ = sup

x,x′∈Ω

∣∣∣∣∣
∞∑
k=1

(
λ̃k,B − λ̃k

)
φk(x)φk(x

′)

∣∣∣∣∣
≤

∞∑
k=1

∣∣∣λ̃k,B − λ̃k∣∣∣ ‖φk‖2 .

Simple algebra leads to

∣∣∣λ̃k,B − λ̃k∣∣∣ = 2

∣∣∣∣∣B−1

B−1∑
t=0

t
∞∑

t′=t+1

atkat′k +
∞∑
t=B

∞∑
t′=t+1

atkat′k

∣∣∣∣∣
≤ 2CB−1

B−1∑
t=0

|atk| t(t+ 1)ρa+1 + 2CB2ρa+2

≤ 2CB−1

B−1∑
t=0

(t+ 1)2ρa+2 + 2CB2ρa+2

= O
(
B2ρa+2

)
= O (1) .

Thus the lemma holds.

To ensure the weak convergence, we need to determine the order of B and l.
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Assume B � nm, l � n1−m, together with n = O
(
N θ
)
, |4| � NγdN , then m should

satisfy the following inequalities:

(m+ 4/r1)θ − (d+ 1)γ < 0

(m+ 2/r1)θ + β2 − 1/2 + γ < 0

(ρa − 1)m+ 2/r1 + 1 < 0

m < 1/4

Considering the defaults of θ, γ and d in Remark 1, it is easy to find that m = 1/5 is

a reasonable choice which can guarantee the above inequalities hold. Thus we specify

B � n1/5 in the implementation.

C. Additional simulation

C1. Dependence on the block size B

The block size B is involved in estimating the limiting covariance function Gϕ(x,x′),

thus representing the order of the FMA(∞) to some extent. In order to investigate

its influence, we compare the performance of SCCs constructed in 3 different block

sizes: B =
[
n1/5 log log n

]
(the one we recommend in Section 4), B = 1 (ignore the

dependence and view as independent blocks) and B = 3
[
n1/5 log log n

]
(overestimate

the dependence/FMA(∞) order).

The data is generated from (5.1) with homoscedastic errors σ (s, t) ≡ 0.1, and ε
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obeys standard normal distribution. Table 1 displays the coverage frequencies over

500 replications of the various SCCs. It is clear that the independent SCC (B = 1)

severely suffers from the problem of dependence misspecification, leading to poor

coverage frequency. While overestimating the dependence have slighter influence,

but the empirical coverage rate of its SCC still can not approach the nominal level.

Table 1: Coverage frequencies from 500 replications based on homoscedastic errors
σ (s, t) ≡ 0.1 with different block sizes.

Domain Ω
N 10000 20000

Block size B B = [n1/5 log log n] B = 1 B = 3[n1/5 log log n] B = [n1/5 log log n] B = 1 B = 3[n1/5 log log n]

Square

α = 0.10 0.858 0.614 0.802 0.894 0.568 0.834
α = 0.05 0.916 0.720 0.876 0.942 0.684 0.930
α = 0.025 0.954 0.820 0.924 0.974 0.768 0.962
α = 0.01 0.984 0.898 0.962 0.994 0.874 0.986

Regular 12 polygon

α = 0.10 0.738 0.594 0.782 0.894 0.638 0.790
α = 0.05 0.858 0.722 0.848 0.952 0.762 0.890
α = 0.025 0.926 0.806 0.928 0.976 0.848 0.938
α = 0.01 0.980 0.890 0.968 0.994 0.908 0.976

Regular 12 polygon
with a square hole

α = 0.10 0.838 0.582 0.834 0.904 0.640 0.868
α = 0.05 0.928 0.728 0.908 0.95 0.754 0.950
α = 0.025 0.972 0.810 0.948 0.976 0.846 0.974
α = 0.01 0.984 0.896 0.972 0.984 0.902 0.986

C2. Simulation for nonlinear processes

Next we investigate the performance of the proposed SCC under the nonlinear pro-

cesses setting. The data is generated from the following model:

Yt,ij = m (xij) +
7∑

k=1

ξtkφk (xij) + σ (xij) εt,ij, t = 1, . . . , n.
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The FPC score ξtk is generated from two different nonlinear time series. For t =

1, . . . , n, k = 1, . . . 7,

ξtk = 0.2ζt,k |ζt,k|+ 0.3ζt−1,k |ζt−1,k|+ 0.5ζt−2,k + 0.6ζt−1,k (S.14)

ξtk = 0.3
√

2ζt,kζt−1,k + 0.4
√

2ζt−2,kζt−3,k + 0.5ζt−4,kζt−5,k + 0.5ζt−6,k, (S.15)

where ζt,k are standard normal variables, and for (S.14), one may divide it by its

variance for unit variance. The mean function m(·), eigenfunctions φk(·), domain Ω

and distribution of ε are the same as those in Section 5. We choose homoscedastic

errors σ (s, t) ≡ 0.1.

Tables 2 and 3 establishes display the empirical coverage rate of the 500 repli-

cations of the true mean function m (·) being covered by the bivariate spline SCCs

under nonlinear processes (S.14) and (S.15). It is shown that in both scenarios, as

the sample size n increases, the coverage rate of the SCC gets closer to the predeter-

mined confidence level as the sample size increases, which demonstrates the validity

of our proposed method for nonlinear processes.
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Table 2: Coverage frequencies from 500 replications based on homoscedastic errors
σ (s, t) ≡ 0.1. with (S.14).

Domain Ω
N 10000 20000

Distribution of ε normal uniform Laplace normal uniform Laplace

Square

α = 0.10 0.890 0.886 0.894 0.905 0.908 0.907
α = 0.05 0.936 0.948 0.940 0.958 0.960 0.955
α = 0.025 0.970 0.982 0.972 0.978 0.977 0.972
α = 0.01 0.986 0.992 0.990 0.988 0.994 0.986

Regular 12 polygon

α = 0.10 0.692 0.698 0.692 0.886 0.894 0.898
α = 0.05 0.766 0.782 0.774 0.940 0.944 0.936
α = 0.025 0.880 0.858 0.868 0.974 0.974 0.970
α = 0.01 0.936 0.930 0.936 0.988 0.984 0.984

Regular 12 polygon
with a square hole

α = 0.10 0.824 0.844 0.828 0.898 0.906 0.890
α = 0.05 0.920 0.924 0.914 0.952 0.950 0.948
α = 0.025 0.956 0.966 0.950 0.974 0.972 0.973
α = 0.01 0.984 0.976 0.976 0.998 0.996 0.992

Table 3: Coverage frequencies from 500 replications based on homoscedastic errors
σ (s, t) ≡ 0.1. with (S.15).

Domain Ω
N 10000 20000

Distribution of ε normal uniform Laplace normal uniform Laplace

Square

α = 0.10 0.888 0.890 0.892 0.904 0.900 0.903
α = 0.05 0.946 0.950 0.946 0.954 0.956 0.954
α = 0.025 0.978 0.982 0.976 0.974 0.978 0.970
α = 0.01 0.988 0.992 0.990 0.992 0.994 0.994

Regular 12 polygon

α = 0.10 0.670 0.656 0.678 0.882 0.884 0.894
α = 0.05 0.748 0.758 0.764 0.948 0.946 0.948
α = 0.025 0.862 0.890 0.854 0.978 0.974 0.972
α = 0.01 0.930 0.946 0.942 0.984 0.990 0.986

Regular 12 polygon
with a square hole

α = 0.10 0.810 0.820 0.812 0.902 0.900 0.906
α = 0.05 0.898 0.910 0.902 0.952 0.956 0.958
α = 0.025 0.946 0.956 0.946 0.974 0.976 0.972
α = 0.01 0.976 0.984 0.978 0.986 0.990 0.990
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