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Supplementary Materials

In this supplement, Section A and B provide some basic lemmas and proofs of theorems
respectively. Section C reports additional simulation results.

Throughout this supplementary document, O, (or 0,) denotes a sequence of random
variables of certain order in probability. For instance, op(nfl/ 2) means a smaller order
than n~%? in probability, and by Oa.s. (or 0q.s.) almost surely O (or o). In addition,
U, denotes a sequence of random functions which are O, uniformly defined in the domain.
For any vector a = (a1,...,a,) € R", denote the norm |||, = (la1|"+ -+ +an|")*",
1 <r < +oo, |la,, = max(lai],...,|an]). For any matrix A = (a;;);2};_,, denote its L
norm as |Al|, = maxacr~ azo [|Aall, [all, ", for r < +oo and A, = maxi<i<m 37, asl,
for r = oco. For any random variable X, if it is LP-integrable, denotes its L” norm as

X1, = (EX[")"7.
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A. Preliminaries

In order to investigate the estimation structure in greater depth, we decompose
the estimation error 7; () — 1 () into three terms convenient. As the same se-

- MmN\
quence order of equation (2.5), denote the data vector m = ({m(mij)}i:’l ;:1> ,

er = ({o@i)en ) én = ({on(@)}0,) and Ro= 32, €uy. Then

the estimator 7;(x) can be decomposed into there terms:
(@) = i(x) + & (@) + &), (S.1)

where m(zx), &(x), &(x) are the solutions of (2.6) with Y, .; replaced by m (z;;),
Ry (), 0 () e, respectively, ie. m(x) = B(x)' ()ZT)z)_lf(Tm, &(x) =
Bla)" (5@55)‘1 XTR, and &(x) — B(z)" (5@5&)‘1 XTe,.

For any L? integrable functions ¢(x) and ¢(x) defined on Q, take (¢, ) =
Jo #(x)p(x)dz as their theoretical inner product and (¢, ), y = N~ Zfil o(x;)o(x;)

as their empirical inner product, with regular Ly norm [|¢[|7, = (¢, ¢) and empirical

norm H¢H%N = <¢a ¢>2,N'

" and B(x) =
1

Recall the set of transformed Bernstein basis polynomials {Eg(a:)}
(=

IB(z), X = XQ, defined in Section 2.2, denote by

Tyo=N'X"X= (<§g(ﬂ?), §g1<33)>2’N )q

_ -1 NT
E,K’ZI’ V - QQFN,OQZ )
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two symmetric positive definite matrices.

Lemma A.l. (Lemma B.6 of Wang et al.| (2020)) Suppose that A is a m-quasi-
uniform triangulation, if NY/?|A| — oo as N — oo, then there ewists constants
0 < c< C < o0, such that with probability approaching 1 as N — 0o, n — 0o, one
has

|AP < Mnin(Twvo) < Amaz(Tvo) < C A

Lemma A.2. (Theorem 10.10 of [Lai and Schumaker| (2007))) Suppose that A is
a T-quasi-uniform triangulation of a polygonal domain 2, and g(-) € Wt (Q).
For bi-integer (ay,as) with 0 < ay + as < d, there exists a spline g* € S (A)
(d > 3r +2) such that | V&V (g — g*)HOO < C|A| e 91441000 where Cis a

constant depending on d, r and the shape parameter .

Lemma A.3. (Theorem 2.6.7 of |(Cs6rgd and Révész (1981)) Suppose that &, 1 < i <
n are iid with B(&;) = 0, E(§2) = 1 and H(z) > 0 (x > 0) is an increasing continuous
function such that =277 H(x) is increasing for some v > 0 and x~1log H(z) is de-
creasing with EH (|&1]) < oo. Then there exist constants Cp, Cs, a > 0 which depend

only on the distribution of & and a sequence of Brownian motions {W,(m)}>~,, such

n=1’

that for any {x,} -, satisfying H™'(n) < x, < C;(nlog n)'? and S, = Yo &

then P {maxi<m<pn |Sm — Wn (m)| > x,} < Con{H (axn)}_l )

Lemma A.4. (Theorem 1.5.4 of van der Vaart| (1998))) T" is a arbitrary set. Let
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Xo 0 Qo = 02°(T) be arbitrary. Then X, converges weakly to a tight limit if and only
if Xo is asymptotically tight and the marginals (X4 (t1), ..., Xo(tx)) converge weakly
to a limit for every finite subset t,...,t, of T. If X, is asymptotically tight and
its marginals converge weakly to the marginals (X, (t1), ..., Xa(tx)) of a stochastic

process X, then there is a version of X with uniformly bounded sample paths and

X, 5 X,

Lemma A.5. (Theorem 1.5.6 of van der Vaart| (1998))) A net X, : Qo — €°(T) is
asymptotically tight if and only if X, is asymptotically tight in R for every t and s,

for all e,m > 0, there exists a finite partition T = U*_,T; such that

lim sup P ( sup sup |Xa(s) — X, (t)| > 5) <. (S.2)

a—00 1<i<k s,teT;

Lemma A.6. For a n-quasi-uniform triangulation A, if NV |A| — 0o as N — oo,
then there exists constants 0 < ¢ < C' < oo, such that with probability approaching 1

as N — oo, n — 00, one has
A7 < Xuin(V) € Anaa(V) < C A2

PROOF. For any ¢-dimensional vector @, one has 'V = OTQQI‘X]}OQJO.



INFERENCE FOR LONGITUDINAL IMAGING DATA

According to Lemma [A.T], there exists
c|A1 Q6] < 0TQIY,Q10 < C1A] Q76|

Note that HQ;GH; = 0"Q2Q, 0 and the eigenvalues of Q,Q, are either 0 or 1, thus

Q] 6|2 < 878, which leads to
c|AI110]; < 67 QT Qs 0 < CA[ 6],

Hence C’A|_2 < Amzn(v) < Amax<v) < C‘Al_Q'

Lemma A.7. For any Bernstein basis polynomials Bj(x), * € Q of degree d > 0,

we have

M N;

> ) Bimy) =0 (N|AP),  V=1,...,p, (S.3)
i=1 j=1

P

Y Bi(my)=0(1), Vi=1,..M j=1,... N, (S.4)

~
Il

1

max max sup |By(x;j) B () — Be(x)Be(x)| = O (N_l/2 ]A|71) ,

1LV <p 1<i<MI<GEN; geT),

S, L) >

where T}, € A 1s the one which contains x;;.

PRrROOF. It is trivial that (S.3) holds. For any fixed x;;, i = 1,...M, j =
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1,...,N;, assume that T}, € A is the triangle that contains «;;. Note that there are

d* = (d+ 1)(d + 2)/2 Bernstein basis polynomials on each triangle, then

Z By(zi;) = Z Bi(x;;) < (d+1)(d+2)/2=0(1)
=1 {e:1¢/d*1=h}

Denote by w(f, h) = max {|f(z,5) — £(7,9)| : (,9), (7 5) € T\ o — 7> + |y — gl < h*)
the modulus of continuity of f relative to the triangle 7'. Since for any £ =1,...,p,

B, (-) € CYT), then w (By, N"Y2) < N"Y2|By|; o < CN-V2|A| 7, thus

| Be(:5) Ber(®5) — Be() B ()|

= [Bo(@ij) By (@) — Bo() Bo(®5) + Bo(2) By (215) — Be(a) Bo ()]
= [Bo(zi)| |Be(wi;) — Bi(@)| + |Be(®)| | Be(2i;) — Be ()]

= |Be(ij)|w (Be, N™'%) + | Be()|w (B, N712)

= O (N |a1™h).

The proof is completed. [
For any function ¢ € C(Q2), denote the vector ¢ = (¢(x;;))" as the order of

(2.5) and the function ¢(x) = BT (z)(XTX) X ¢.

Lemma A.8. There exists cq € (0,00) such that when n is large enough, ||5||OOQ <

cdl|Plloog for any ¢ € C (). Furthermore, if ¢ € WL (Q) for some p € (0,1],
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then there exists 6’(17“ such that

||¢ - QbHoo,Q < Cd,r |¢|d+1,oo,Q ’A|d+1‘

PrOOF. Note that for any & € €, at most (d + 1)(d + 2)/2 numbers of

Bi(x),--- , B,(x) are between 0 and 1, others being 0 , so

19, = Iv"BT@vXTe_,
d+1)(d+2)
< DAL o pyxrg)
(d+1)(d+2), . 5 T
< AR o) o X1
in which 1y = (1,...,1)" is a N-dimensional constant vector. Clearly, (S.3) ensures

that

M N,
[ X" = max > Bimy) < CN|AP,
=== =1

which implies ||$||OOQ < cdl|@]co 0
Now if ¢ € Wit (), let g € ST (A) be such that ||g—¢||oe < Cy.r |A|dJrl 0] d41.000

according to Lemma , then g = g as g € S} (A), hence

¢ —dllce = |6 —Glloc + 1|0 — 9l

< (cat+ D¢ = gllon < Cay |¢|d+1,oo,Q |A|dJrl
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The proof is completed.

Lemma A.9. Forn>2,a>2 W;~N(0,02),0;,>0,i=1,...,n

2 2
P (maX1<i<n |Wi/o:| > ar/log n) < \/jnla 2, (S.6)
== 7r

AS n — oo, (maXlgign ‘Wl‘) / (maXlgign Ui) S maxi<i<n |WZ/O'Z’ = Oa.s. (\/ lOg n) .

PrROOF. Note that

P (max1 <i<n

g‘ logn> ZP(‘— >a\/@) <2 {1-a(a @)}
¢ (av/logn) 2 1w

< 2n¢ 1og n —n

a+/logn s

< 2n

for n > 2, a > 2, which proves (S.6). The lemma follows by applying Borel-Cantelli

Lemma with choice of a > 2.
Lemma A.10. Assumption (A5) holds under Assumptions (A3), (A4) and (A ).

PrOOF. Under Assumption (AY), E|Gk|™" < 00, 11 > 4+ 20, Ele 5] < oo,
row > 2 + 6, where « is defined in Assumption (A4) and 6 is defined in Assumption
(A3), so there exists some 3; € (0,1/2), such that r; > (2 + «) /.

Let H(z) = 2. Lemma entails that there exist constants ¢y, and aj de-

pending on the distribution of ¢y, such that for z,, = (n + I,)", (n+1,,)/H (apz,) =



INFERENCE FOR LONGITUDINAL IMAGING DATA

CL;;” (n + ]n)l—méﬁ and iid N (0, 1) variables Ztk,gn

Z Gtk — Z Ltk

t=—Ip+1 t=—Ip+1

]P’{ max > (n+ ]n)ﬁl} < cay ™t (n+ In)l_”ﬁl ,
—I,+1<7<n

Since there are only a finite number of distinct distributions for {Ctk}?ffln ket DY

Assumption (A5'), there exists a common ¢; > 0, such that

Z G — Z Ltk

max IP’{ max

1<k<kn —Ih+1<7<n

> (n + [n)ﬁl} <o (n + [n>1—r151 )

Since I, < n*,0 < ¢ < 1, by definition, then C, inequality leads to that
(n+ In)’81 < Cyn® for some constant Cy. Because 1 — ry 5y < 0, it is clear that

(n + I,)""P < pl=mP1 Thus one has

Z Gtk — Z Lk

max IP{ max

1<k<kn, —In+1<7<n

> C’onﬁl} < ¢eyntTmAL

Recalling that 1 > (24 «) /By, one can let v; = r18; — 1 — a > 1, and there

exists a C1 > 0 such that

Yo G D Zu

t=—Ip+1 t=—TIp+1

P { max max

1<k<kp —In+1<7<n

> C’onﬁl} < kyen' TP < Oyn

Similarly, under Assumption (A5'), let H(x) = 2", Lemma entails that
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there exists constants ¢, and b depending on the distribution of ¢;;, such that for
vy = NP2 N/H(bxy) = b-"2N'F2 and iid standard normal random variables

n7MaNi
{Ztij}21 ;20 j—1 such that

max P { max

1<t<n 1<r<N

D_ctnwnm ~ D Zunwnme| > NBZ} < epb NI
k=1 k=1

Assumption (A3) states that n = O (N?), so there is a Cy > 0 such that

1<t<n 1<7<N

P { max max

D Eunibn® — Y Zunmpme| > NﬁZ} < CyNOH1-7262
k=1 k=1

Note that rew > 2 4 6, one can choose B2 € (0,w), such that r98; > 2 4 6, which
ensures that v = fars — 1 — 6 > 1 and Assumption (A5) follows.

The lemma holds consequently.

Lemma A.11. Under Assumptions (A5) and (A5'), as n — oo, there are constants
C3,Cy € (0,400), 73 € (1,4+00), B3 € (0,1/2) and a series of N (0,1) variables
Zig = > pokZi—v e, t = 1,...,n, k = 1,... ky, with Cov(Zje, Zitnpe) =
> oo Amkmang, 1 < j<n, 1<h<n-—yj, such that

P{ max max

1<k<k, 1<7<n

T T
Z Sk — Z Like
t=1 t=1

> anﬁ3} < 0471_73. (S?)

PROOF. Since Y 2 a7, =1 and |ay| < CutPe, for t =0,...,n, k=1,... k,,
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together with 7, =< n‘, then (' + I,,)** < C (#1,)**'* for ' > 1 and some constant

C'. There also exists a constant M > 0, such that Zfio lag| < M. Tt is clear that

I o0
ik = Z apkCe—v g + Z kGt ks
t'=0 t'=I,+1
I o0
ik — Z Ay Gt | < Z Cat”™ [Grovr k]
=0 t'=I+1

o0
< CnPet Z t/pa/2 |Ct71nft’,k’ '

t'=1

I,
Stk — Z at’ktht’,k
/=0

Hence,
T T In 0o
241 1Pa/2
max max - apCe_v x| < max max Cnfet/ t Iy
O o t§1€tk ;1;0 kGt k S Jax max ;{ 1 [CRya—y

Denote Wy, = > ;7 t'7*|¢—1,—v x|, by noticing that sup, , E[(x|" < oo, where
r >4+ 2a,

o0
Wakll,, <D 116 g s, < o0

=1
Therefore, EW}}! < K for some K > 0, ¢t =1,...,n, k = 1,...,k,. Note that

k, = O (n%) in Assumption (A4), thus

n

P (C’n”‘“/2Jr1 max max Wy, > Mn™ i e

T r
e CE g O p2Dr414a
1<k<kn, 1<t<n "
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So,

1

T T 1
- C"K
P | max max thk _ Zzat’kCt—t’,k > Mn?| « =~ Bs=pat/2=1)ri+1+a

1<k<kn 1<7<n M
t=1 t=1 t'=0

Next, define Uy, = Y5, 1 avkZi—p e, then Uy ~ N (0,307, 1 al,), k=1,... k.

It is obvious that

T o
max max g g appZi—y | <n max max |Uyl.
1<k<kpn 1<7<n Y 1<k<kp 1<t<n

t=1 t/=I,+1

Note that Y57, . af, < CnD for some C' > 0, k =1,... k, and k, = O (n®)

for some a > 0, one has

Cn(2pa+1)L C
P (n max max |Uy| > Mn | < nkp——m < —_p(2pat1)i=2BsFa+3
1<k<kn 1<t<n M?2 (nfs=1) M?

which leads to

T (o]
C
P | max max E E akZy v pc| > Mn™| < —nlrati=20stats
1<k<kn 1<r<n ok, M2
t=1 /=T +1

Now Assumption (A5) entails that for 0 <t < [,, 1<t<n, -, +1<t—t' <n

T T
P< max max — Z > O™ S <o,
Jax max Z Cee Z th,¢ 0 1

t:_I’VLJ’_l t:_ITLJ’_l
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Then,

T In

P | max max E g ap(Comvr o — Zi—vr joc)| > 2MCyn
1<k<ky, 1<7<n — ’ ”
.

=P | max max ay v — T > MO
1<k<ky, 1<7<n Z tk; Ge—t/ & bt/ ) 0

In
<P | max E Q| Mmax E o — E - >2MO’TL’83
> 1<k<h 2 0| t k’ 1<r<m = Ct t'k £ t—t' k,C 0

T T
<P |[M max max max Zg,t/,k—ZZt,t,,k,g >2MCOn63

1<k<k, 1<7<n 0<t'<I,

T T

<P<2 max max - VA > 205\ < o

- 1<k<k, 1570 | ; 1Ctk t % 1 th,¢ 0 |
=—In+ =—In+

Hence,

T

T o0
P | max max Z i — Z Z QL ¢ || > AM Con
=1 =

1<k<k, 1<7<n —

=P | max max E — ay gt ay / —ZZa/Z ,
1<k<k, 1<T<n Sk §,§ kGt k E E kGt k 'k Lt—t! k¢

_ t=1 t'= t=1 t'= t=1 t'=

- Z Z at/th,t/7k7¢ > 4MC()TL’83

t=1 t'=I,+1

-
<P | max max E —E E Qp , § E u L T
- 1<k<kn 1<7<n | |4 Euk kGt v kCe—t s E E tELt—t! k¢

t=1 t/'= t=1 t'= t=1 t/=

+ Z Z Ak Li—pt ¢ >4M00n53

t=1 t'=Ip+1

<P | max max Z&k—ZZat/kQ ok > MCyn™| +P | max max ZZat/kQ Pk

Isk<kn lsT<n 1<k<k, 1<7<n
t=1 t/'= t=1 /=
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T In T e’
— Z Z at/th_tng,C > 2]\46(()716[3 + P 12%2}12 1I£ljl<Xn Z Z at’th—t’,k,C > MC()TLB3
t=1 t'=0 e t'=I,+1
T1
< ¢ Kn—(/33—paL/2—1)r1+1+a +Cn "+ CZn(Zpa+1)L—263+a+3 <Cyn

S

Denote C3 = 4MCy and Zye = > pg @k Zi—vpe, t = 1,...,n, k =1,..., k,, then
{ Zypo e Yol "=y are N(0,1) variables and Cov (Zj ke, Zjinpe) = Do GmkGminp; 1 <

J<n, 1<h<n-—j, thus

> Csn® | < Cyn 5.

Zf}sk _ZZtk§

1<k<k, 1<1t<n p—

P [ max max

The proof is completed.

Lemma A.12. Under Assumptions (A2), (A5) and (A6),

11??2; - Z Z Z BE’P :cl] wm) Zti Jdje| = Oa-S-(nilﬂNil/Z’A’ 10g1/2 N)-
- t=1 i=1 j=1

PROOF. Note that (nN)™' S0 S S0 By(ai)o (247) Zyje =
NISM Zjvz’l By ,(xij)o (@) Z.ije, where Z;;. =n ' > 1 Zi4j., then apply Lemma
to obtain the uniform bound for the zero mean Gaussian variables N=' SN | By(xi;)0 (i) Z.ije,

1 < ¢ < p with variance

N;

2
By, (xij)o (i) Z.ij,e} =n 1N~ Z Z Bep xij)o a:,])

i=1 j=1

E{N‘li

i=1 j=1
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=n" "N Beyollyy =< [APN 7
It follows from Lemma [A.9 that

M N;
max N‘1§:§:E%Awwﬁﬂwm)zﬁ@

1<(<p

—0,. {n_l/QN_1/2|A] logl/zp}

i=1 j=1

Ou (n™2NT2 A log"* N ), (S.8)

where the last step follows from Assumption (A6) on the order of |A| relative to V.

Thus the lemma holds.

Lemma A.13. Under Assumptions (A2), (A5) and (A6), one has

= Oy (W7 V2NTV2A o2 N+ NEV2 AT 4 NB7Y AL 2)

PROOF. According to Assumption (A5), it is trivial that

max max
1<t<n 1<7<N

N*l Z (gt,fl(k)fQ(k) - Zt,f1(k)f2(k)75) — Oa.s. (NBQ*I) )
k=1

The bivariate spline satisfies that

| B (4,05 8)) — Be (T, 0041y po00)) | < CIA[TINTY?
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uniformly over 1 < k < N and 1 <[ < p, while the Lipschitz continuity in Assump-

tion (A2) ensures that

o (@nwrm) =0 (@ pem) | < LNTV2 < CJATINTY

uniformly over 1 < k& < N. Note that for 1 < ¢ < p, both B(-) and o(-) are bounded

on {2, then

1Be (2,0 5.00) 0 (0 209) = Be (Tr 0041 2641) 0 (T 1041 k)|
={Be (xnmnm) = Be (Tpmrvpam) + Be (Taernpnei) } o (a0 nm)
=By (%4, (641 fatk41) O (T3 b1y a1 |
<|Be (@nwnm) = Be (@) | o (@nmnm)

+ }U (wﬁ(k)fz(/f)) -0 (wfl(k+1)f2(k+1))| By (wfl(k+1)f2(k+1))

Sc‘Allefl/Q

Noting the support set of By(-), one obtains that

=2

-1

1 Be (1,00 18)) 7 (® 1,001 00) — Be (12 00641) po(611)) 0 (T p 611 okt 1)) |

o

1
CN|APA|TINTY2 < ONY2 A

IN
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Hence, for 1 </ <p, 1<t <n,

N—l

WE

Be (x,005.0) 0 (Zrmpm) (Zonmpme = S6nmnm)
k=
Nf

= N AB(®nmpnw) o (®nmnm)
k=1

—

k
— DBy (wfl(k+1)f2(k+1)) (f"fl k+1) fa k+1)) Z Zt f1(m) fa(m),e — Et fl(m)fz(m))}

m=1
N
N7 By (T, () fav)) 0 (T, (v Z(thl(k Vol = Et.fy (0 falk))
k=1
-1
< {fg@; max [N 2 (Et ) = Zupiiam.e) }
N
( N1/2’A’ +C|N™ 12 thl —5t,f1(k)f2(k))
k=1
= O (NZ712|A] + NP7
Hence,
N
lrg%; (nN)~ ZZBe T, (k) f2(k (wh(k)fz(k)) (Etvfl(k)fQ(k) - Zt,fl(k)fz(k)va)
t=1 k=1

= Qs (NZ712|A] + NP1

Apply the triangle inequality and the result in Lemma [A.12] then

max
1<t<p

(nN)~ ZZBM T 1,0 £200)7 (T 10 22 8)) 052 0) o)

t=1 k=1
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= O (n*“?N*l/Q\m log/2 N + N%=1/2| A 4 N/sH)

p

It is clear that (nN) ' X T Yo e = {(an1 > Zf\il Zjvzl By (z45) 0 (x45) 5,5,1-]-} ,

/=1

then

= Oa,s <n71/2N71/2’A‘ 10g1/2 N + N/BQ*l/Q’A’ _|_ N’8271> .

o0

(nN)'XT) e
t=1

By recalling the definition of &;(x) and Lemma [A.6] one obtains

sup n~t
e

> el)

— Hn—lN—lB(m)TVXT D e
t=1

[e.9]

~0,, <n*1/2N*1/2]A|71log1/2N 4 N,Bgfl/Z’A’fl X N,BgfllA’72>

The proof is completed.

B. Proof of theorems

B.1 Proof of Theorem 1

Under Lemma [A.11] Cov (Zjke, Zjthpge) = Do @mk@mank, 1 < j<n, 1 <h <

n — j. Then,

n+ 2K < Z Ztk,&ijk,§>

1<t<j<n

n 2
Var (7-19,5) =K (nl Z Ztk,g) = TL72
t=1
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=n"' 4202 {(n —1) Z sk + (0 —2) Z etz + -+ [n— (n—1)] Z atk“t+n17k}

t=0 t=0 t=0

where Z ¢ = Y1 Zune/n. We denote ¢ () = Zpe¢r (x) ,k =1,...,00 and define

on (x) = nl/QGw (a:,a:)_l/2 e Pk (x). Forxy, - &y € Qand by,--- b € R,

l l o)
ar (Z bion (%)) = Var (”1/2 Z biGy, (4, 331')71/2 sz,é@c (wz))
‘ i=1 k=1

=n Z b2G, (x5, x;) -1 Z o7 (x;) Var (7.,@’5) + 2n Z bib;Go, (2, mi)—1/2 G, (zj, a:j>—1/2

k=1 1<i<y<i

Z On (:) bk (a5) Var (Z.pg) -

Note that

711;120 Var (Z bion a:z))

=1

l
Z + 2 Z bibngp(wi,wi)_l/QG (a:j,;cj 1/22¢k ml (bk .’BJ {1+22 Z amkam/k}

1<i<j<l m=0 m’'=m+1

Z +2 Z bib;Gy (x4, ;) 1/2G¢(a:j,wj)_l/QGw(wi,a:j)

=1 1<i<j<I

= Var (Z bip (%)) ;

hence

{gpn(wl)a o ’QDTZ(:EI)} —D {90(331)7 T ,(,0(33[)} : (SlO)
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Under Assumption (A4), there exists Cg > 0 such that G (z,x) > Cq, © € Q. De-

note w (¢n,8) = SUPg req z—ar|<s |9n(X) — @n(x)]. Given the partition Q = Ui, T;

that |T;| < d, there exists sup ;< z e, [¥n(®) — ©n(®')] < W (@n,0). The defini-

tion of w (¢, d) implies that

W (¢, 0) = sup ln(x) — (pn<wl)|

z,x' €Q,|le—x'|<5

< sup POV |gp(@) — dp(@)] | Zong
k=1

x,x’' €Q,|e—x'|<

< n1/2C';1/25“Z ||¢k||0,,u ’Zkaﬁ‘ :
k=1

Since E |7.k,§‘ = (2/7)Y/?Var (7.;,375)1/2, thus

Plw (pn,0) > €] <P (nm(suq;l/z Z bl | Z ke| > e)

k=1

> — €
< > —

—1/2 e =2
nd250C 2 S |owllo, B | Z v
€

— 0o — 1/2
(2/m) 264 C 2 S0 bl {nVar (Zoe) }

€
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Note that y -, ||gbk||07u < 400 under Assumption (A4) and nVar (Zk,g) — 1+

oo oo . .
2 o0 D pretqq Qekyk @S M — 00, it is clear that

- 00 = 1/2
o i sup 2 20"C o 9kl {nVar (Zoe) )

=20 nooo €

=0,

thus equation (S.2)) is satisfied. According to (S.10) and Lemma On —D P

Denote &, = >, &, and note that

k=1
kn
<n'?sup G, (x,x) /QZ | Z ke — €| lon ()|
€Q k=1
+ 02 sup G, (x, )" 2: | Z ke — €] |60 (2))]

According to (S.7)), there exists

]P’{ max ‘Zk _7~k,§‘ > anﬁ3_1} < C47’L_’YS.

1<k<ky

By Borel Cantelli lemma, one has

max {gk - ?-k{’ = Oa.s. (nﬁg_l) . (Sll)

1<k<kn
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By Assumption (A4), S22, (el < +oo, thus S5, |lokll,, < C for some

constant C. Together with (S.11)) and Assumption (A3), one obtains that

kn

n'/? sup G, (:13,28)71/2 Z |7~k7§ - gk‘ [P ()]

xel) 1

kn
< nl/QCEl/Z Sélé) g o) lgi}g |£k — Z.k’5|
TEE =1 -

1<k<kn

kn
< n1/2051/2 Z H¢kH00ﬂ max ’fk — Z.kg’
k=1

< nl/Qcal/QCOa.s. (nﬂzs—l) -0,. (nﬁ3—1/2) = 04 (1) (S.12)
Note that

(E ’gk‘)2 = (E }7.&5‘)2 S EZ?M = TL_l + 2n_2 { (TL - m)atkat+m7k} s
0

m=1 t=

thus E|£4| = E|Zke| = O(n™"/?). In addition, Assumption (A4) states that

> i 11 10kl = © (n71/2), then there exists

En'/? sup G, (az,a:)_l/2 Z |7.k,§ — Ek‘ Pr(2)]
zef) k=kn+1
<n'2C5"7 N | nllan B Zke — €4
k:kn"l‘l

<1200 (RO (n72) = 0 (1) (S.13)
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Combining ([S.12]) and - one has

En1/2squ 1/22 st—fk dp(x)| =0 (1),
zeQ k=1
hence
nl/2 sup G, ( 1/QZZk5_§k ¢k( ) =0,(1).
CDGQ k=1
Note that

pn(@) = n'*G (x,2) 7 (W () = m (@)} = 0!Gy (2,2) 7Y (Zoe — E4) dul),

k=1

hence

Sup | pn(@) = n'2Gy (@, @) {7 (@) = m (@)} = 0, (1).

The proof is completed by applying Slutsky’s theorem.

B.2 Proof of Theorem 2

For any k = 1...,00, let ¢y(z) = B(x)(X X) 'X¢y. According to the equation
(5.1,
(@) = (x) = (@) - m(@) + &(x) - () + () (8.9)
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By Lemma , for any k = 1..., 00, there exist a constant Cy,, independent of m

and ¢y, such that

||m_m||oo,ﬂ < Cay |m|d+1,Q,oo|A|d+17

H¢k - ¢kH < Cd,r |¢k|d+l,§2,oo ’A|d+17
00,2

which implies that

& —&

o0
:Z‘ftk‘ H¢k—¢kH < Cy Wi A4
00,2 T 00,

where Wy = >0 &l [kl i1 000t = 1, ..., 1 are identically distributed nonnega-
tive random variables with r;-th finite absolute moment under the Assumptions (A4)

and (A5). Hence

EW;

= EWn 711 -2
(nlogn)2 Wt n (Ogn) )

P{max W; > (nlogn)z/”} <n

1<t<n -

and the Borel-Canteill lemma ensures that 1r£1ta<x W, =0, {(n log n)2/ ”1 } Together

with equation (S.9) and Lemma [A.13] one can obtain that

n

nty (@) — m())

t=1

sup [m(x) — m(x)| = sup
e el
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n

n! th(a:)

t=1

&(x) — &(x)| + sup [m(zx) — m(x)| + max sup
e 1<t<n ge

< max sup
1<t<n 20

= Ous (161" (nlogn)?™ + [A[* 4 N# A 4 0 VN2 A 102 N)

= Ous (|A[* (nlogn)*™ + N7V A7) = 0, (n7'7?).

B.3 Proof of Theorem 3

From Assumption (A5), one obtains that p, < —2, satisfying the assumptions of
Theorem 3 in Wu| (2005). Together with Assumption (A5’), one derives that there

exists i.i.d. normal sequences Zy ¢, t =1,...,n, k=1,...,K,, such that

max Z&k — VAL Z Zig| = Ous. (n1/4+a(log n)**(log log n)l/Z) ) (S.13)
=1 =1

1<k<kn

Note that o < 1/4, thus (S.11]) - (S.13) still hold. One can complete the poof
following the same arguments in the proof of Theorem 1 and 2.
B.4 Proof of Theorem 4

Define the B-approximate process as

&() = E{&()|Gr,i >t — Bk >1}

- thk,B@c(') = Z (Z at/,kCt—t/,k) or ().

k=1 \t'=0
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Let §(@) = B Y2,y (e (@) — 7 (@)} and () = B2, Gle).

Define the corresponding covariance functions

Goplz,x') = Zﬁb (z)or(x {1 +2Z 1—-1/B) Z atkat’k}a
G, (@, x') = ?Z{(sj (x)6; (x') — & ()8 (2},
Golw,2) = 23 5@ @) -3 @)5 ()]
in which G5 (x, @) = BCov(J;(x),d;(x)), 3 (x) = I"*Y._, 6; (x) and 5 (x) =
[~ 22:1 gj (), while éw (z,x') and 5%3 (x,x') are block estimators of G, (x, z')

by infeasible trajectories and B-approximate trajectories respectively.

We decompose the difference between G, (z, ') and @p (x,z’) into the following

four terms:
sup |Gy (z,2') — @¢ (x, )
x,x’' €N
< sup CAip (x, ') — G, (@, 2')| + sup |G, (x,2') — G,p(x, )
x,x’ ) x,x’ €N
+ sup |Gup (@, a') — Gup (@ a)|+ sup |Gop (@ x') — G, (x,x)].

x,x’ €N x,x’' €N
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Lemma A.14. Under Assumptions (A1)-(AG6), there exists

~0, (B (nlogn)*™ |AI™* + B (nlogn)" N52‘1/2|A]‘1> .
Proof. Note that

~ ~

w0 |G, 2) = G (,0)| < 28 o (10 + [0 ) poass |0 =55
hence
5 - _n —-1/2
P;Ja%(l 0j — 9; - fgfgb 17 = el oo + Op(n™77),
5. < , 5.
el (] N LR 1 R
Similar with the proof of Theorem 2, one can get
. — 2/m
max [, < max [, = Op((nlogm)*™).
The proof is completed. [

Lemma A.15. Under Assumptions (A1)-(A6), one has

sup |Gy (z,2') — Gy p (@, ')

x,x' €]

=0, <B”“+3/2llogl (nlog n)Q/”> :
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Proof. Following the analogous steps of the previous lemma, one has

~ . - . -
_ < . 5.
mS;}IE)Q Gy (z, @) — Gyp (z,2')| < QBIHSlE%MJHOOg?%{Z 0j = 0 -
Note that
9 o o) 2
Ell6; =0l < D B[ D amGvi| ol
> k=1 |¢=B+1
< 0N (Bl
k=1 t/=B+1
= O(B*1),
thus
N +1/2 1
P { max (|0; — 9; > BPe llogl < —.
1<I<j 00 llog=1

= O (BP*1/?1ogl). Com-

5;—

Borel-Cantelli lemma leads to that max;<<;

);

bining with max;<;< ||6;]| . = Op((nlogn)*™), the lemma holds consequently. [

Lemma A.16. Under Assumptions (A1)-(A6), one has

sup G%B (wu CE/> - G@,B (33, 33/) = Op(Bl_l/Q),

x,x’' €N
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_1<Bj B
Proof. Denote 4, = B™* Zt:JB(j—l)H > v—o A kGt—e' i, then

éw,B (x,x') — Gy (, 33/)‘ < <B5.,kk — Xk,B) () Pr ()
k=1
+2|> " B dn(@)pn ()|,
k<k!

where 5~,kk’ = lil Zé‘:l 5jk:5jk:’ and Xk,B =142 Zle (1 — t/B) Ztolo:t Al Qe

Given the independence of d;;, 64, |i — j| > 1, it follows that

E(Bd) = E(B&) = M\ip,

~ 2 ! ! ~
E (dekk - )\,,@B> = IE {32 > osh+2> 3253k5§k} ~ N
j=1 1<J
_ 3— 2~ 1—1

— 0,(I7'B).
Based on Assumption (A5’) , one can obtain that

i (Bd.,kk - Xk,B> i (@) du()

k=1

E sup

x,x' Q)

< SE|B8 N lel?
k=1

= 0, (BI"?).

Similarly, one can derive the order of the second part. Thus the proof is completed.
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O
Lemma A.17. There exists
sup |Gy (z,2') — Gy, (z,2")| = O (sz““) )
x,x’' Q)
Proof. Denote by Xk =1+2) 72, Z;’,o:tﬂ Ay Gy, then
sup |Gop(x, @) — G, (x, )| = sup Z (XhB — Xk) dr(x)pr(x')
x,x’ €N x,x' €] k=1
< Z ‘Xk,B - Xk:‘ el -
k=1
Simple algebra leads to
" " B-1 00 o) o)
‘)\k,B — /\k‘ = 2 B_1 Zt Z QAtl Q¢ 1 + Z Z Qi Ak
t=0 t/=t+1 t=B t'=t+1
B-1
< 20B7M) a t(t + 1)t 4 20B "
t=0
B-1
< 20B7') (t+ 1) 4 208"
=0
= O(B**)=0(1).
Thus the lemma holds. ]

To ensure the weak convergence, we need to determine the order of B and .
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Assume B < n™, | < n'™™, together with n = O (Ng), |A| < N7dy, then m should

satisfy the following inequalities:

(

(m+4/r)0 —(d+1)y <0
(m+2/r)0+ P2 —1/24+7<0

(pa —1)m+2/r1+1<0

m<1/4
\
Considering the defaults of #, v and d in Remark 1, it is easy to find that m = 1/5 is
a reasonable choice which can guarantee the above inequalities hold. Thus we specify

B = n!'/% in the implementation.

C. Additional simulation

C1. Dependence on the block size B

The block size B is involved in estimating the limiting covariance function G (z, x'),
thus representing the order of the FMA(00) to some extent. In order to investigate
its influence, we compare the performance of SCCs constructed in 3 different block
sizes: B = [n'/%loglogn| (the one we recommend in Section 4), B =1 (ignore the
dependence and view as independent blocks) and B = 3 [nl/ ®log log n] (overestimate
the dependence/FMA (c0) order).

The data is generated from (5.1) with homoscedastic errors o (s,t) = 0.1, and ¢
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obeys standard normal distribution. Table [1| displays the coverage frequencies over

500 replications of the various SCCs. It is clear that the independent SCC (B = 1)

severely suffers from the problem of dependence misspecification, leading to poor

coverage frequency. While overestimating the dependence have slighter influence,

but the empirical coverage rate of its SCC still can not approach the nominal level.

Table 1: Coverage frequencies from 500 replications based on homoscedastic errors
o (s,t) = 0.1 with different block sizes.

[ Domain ¢ N 10000 20000 |
omain €2
Block size B B = [n'/°loglogn] B=1 B=3[n""loglogn] B=[n""loglogn] B=1 B =3[n’loglogn]
a=0.10 0.858 0.614 0.802 0.894 0.568 0.834
Square a =0.05 0.916 0.720 0.876 0.942 0.684 0.930
a = 0.025 0.954 0.820 0.924 0.974 0.768 0.962
a=0.01 0.984 0.898 0.962 0.994 0.874 0.986
a=0.10 0.738 0.594 0.782 0.894 0.638 0.790
Regular 12 polygon a = 0.05 0.858 0.722 0.848 0.952 0.762 0.890
oo a=0.025 0.926 0.806 0.928 0.976 0.848 0.938
a=0.01 0.980 0.890 0.968 0.994 0.908 0.976
a=0.10 0.838 0.582 0.834 0.904 0.640 0.868
Regular 12 polygon a =0.05 0.928 0.728 0.908 0.95 0.754 0.950
with a square hole a =0.025 0.972 0.810 0.948 0.976 0.846 0.974
a=0.01 0.984 0.896 0.972 0.984 0.902 0.986

C2. Simulation for nonlinear processes

Next we investigate the performance of the proposed SCC under the nonlinear pro-

cesses setting. The data is generated from the following model:

7
Y;ﬂ‘j =m (.’BZ]) + Z gtk¢k (.’D”) + o (a:”) St,ij, t = 1, .o,
k=1
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The FPC score & is generated from two different nonlinear time series. For ¢ =

§te = 0.2C

G| +0.3G—14 |G—1.5| +0.5C—24 + 0.6¢i—1 (S.14)

e = 0.3V2C 4G + 0.4V 2625 G + 0.5 4 4Ce—5.0 + 0.5G—6.1, (S.15)

where (; are standard normal variables, and for , one may divide it by its
variance for unit variance. The mean function m(+), eigenfunctions ¢ (-), domain
and distribution of € are the same as those in Section 5. We choose homoscedastic
errors o (s,t) = 0.1.

Tables [2] and |3| establishes display the empirical coverage rate of the 500 repli-
cations of the true mean function m (-) being covered by the bivariate spline SCCs
under nonlinear processes and . It is shown that in both scenarios, as
the sample size n increases, the coverage rate of the SCC gets closer to the predeter-
mined confidence level as the sample size increases, which demonstrates the validity

of our proposed method for nonlinear processes.
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Table 2: Coverage frequencies from 500 replications based on homoscedastic errors

o (s,t) =0.1. with ([S.14)).

| Domai N 10000 20000
omain {2
Distribution of ¢ mnormal uniform Laplace normal uniform Laplace

a=0.10 0.890 0.886 0.894 0.905 0.908 0.907

Square a = 0.05 0.936 0.948 0.940 0.958 0.960 0.955

a = 0.025 0.970 0.982 0.972 0.978 0.977 0.972

a=0.01 0.986 0.992 0.990 0.988 0.994 0.986

a=0.10 0.692 0.698 0.692 0.886 0.894 0.898

Regular 12 polygon a = 0.05 0.766 0.782 0.774 0.940 0.944 0.936
a =0.025 0.880 0.858 0.868 0.974 0.974 0.970

a=0.01 0.936 0.930 0.936 0.988 0.984 0.984

a=0.10 0.824 0.844 0.828 0.898 0.906 0.890

Regular 12 polygon a = 0.05 0.920 0.924 0.914 0.952 0.950 0.948
with a square hole a =0.025 0.956 0.966 0.950 0.974 0.972 0.973
a=0.01 0.984 0.976 0.976 0.998 0.996 0.992

Table 3: Coverage frequencies from 500 replications based on homoscedastic errors

o (s,t) =0.1. with ([S.15]).

‘ D . N 10000 20000 ‘
omain {2
Distribution of ¢ mnormal uniform Laplace normal uniform Laplace
a=0.10 0.888 0.890 0.892 0.904 0.900 0.903
Square a = 0.05 0.946 0.950 0.946 0.954 0.956 0.954
a =0.025 0.978 0.982 0.976 0.974 0.978 0.970
a=0.01 0.988 0.992 0.990 0.992 0.994 0.994
a=0.10 0.670 0.656 0.678 0.882 0.884 0.894
Regular 12 polygon a = 0.05 0.748 0.758 0.764 0.948 0.946 0.948
: a =0.025 0.862 0.890 0.854 0.978 0.974 0.972
a=0.01 0.930 0.946 0.942 0.984 0.990 0.986
a=0.10 0.810 0.820 0.812 0.902 0.900 0.906
Regular 12 polygon a = 0.05 0.898 0.910 0.902 0.952 0.956 0.958
with a square hole a = 0.025 0.946 0.956 0.946 0.974 0.976 0.972
a=0.01 0.976 0.984 0.978 0.986 0.990 0.990
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