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Abstract One of the key research problems in financial markets is the investigation of inter-stock dependence.
A good understanding in this regard is crucial for portfolio optimization. To this end, various econometric models
have been proposed. Most of them assume that the random noise associated with each subject is independent.
However, dependence might still exist within this random noise. Ignoring this valuable information might lead to
biased estimations and inaccurate predictions. In this article, we study a spatial autoregressive moving average
model with exogenous covariates. Spatial dependence from both response and random noise is considered
simultaneously. A quasi-maximum likelihood estimator is developed, and the estimated parameters are shown
to be consistent and asymptotically normal. We then conduct an extensive analysis of the proposed method by

applying it to the Chinese stock market data.
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1 Introduction

The stock market is often regarded as the barometer of a country’s economic development. This is
especially true in the Chinese stock market. The Chinese stock market is a big market with great
potential and broad development prospects. After more than twenty years of development, the Chinese
stock market reached a scale that took many other countries decades or even hundreds of years to achieve
[13,23]. The China Securities Depository and Clearing Corporation Limited reported that by 2020, there
were 2,423 companies listed on the Shenzhen Stock Exchange with a market value of 35.2 trillion yuan,
and 1,800 companies listed on the Shanghai Stock Exchange with a market value of 45.5 trillion yuan.
Additionally, the total circulation market value of the Shanghai and Shenzhen Stock Exchange reached
64.81 trillion yuan that same year. The Chinese stock market plays an important role in enterprise
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financing, improvement of the financing structure, optimal allocation of social resources, and promoting
social and economic growth.

For financial markets, a key research problem is investigating inter-stock dependence. A good
understanding of this dependence is crucial for portfolio optimization [25]. To this end, various
econometric models have been proposed. For example, Sharpe [28] developed the popularly used capital
asset pricing model (CAPM). This model quantified the return of a single stock or stock portfolio by the
risk-free return, risk correction coefficient 5 and equity market premium. As an extension of the CAPM,
Fama and French [11] developed the famous three-factor model. They found that the market value, book-
to-market ratio and price-to-earnings ratio were also important factors in explaining comovement in the
returns of different stocks. These groundbreaking theories have inspired many follow-up studies trying
to explain inter-stock dependence from various perspectives. For example, Chan et al. [4] found that
the cash flow, stock size and book-to-market ratio can help explain stock returns synchronicity. They
also demonstrated that the same industry effect was one of the sources of inter-stock dependence [5].
Other factors such as the leverage, size, monetary policy and information sharing are also important in
explaining covariation in stock returns [10,16,18,27].

It is remarkable that none of the aforementioned models have studied inter-stock dependence from the
perspective of the shareholder network. A shareholder network refers to a network in which each node
represents a stock and each edge represents a major common shareholder relationship between the two
stocks. An accurate definition of a common shareholder is provided in the next paragraph. We argue
that this is an important relationship that might be partially responsible for inter-stock dependence.
In fact, various spatial autoregressive models have been successfully used to capture such a dependence
effect [33,35,36]. Despite the usefulness of those pioneering studies, all the models suffer one common
limitation. They all assume that the random noise associated with different stocks is independent. This
assumption implies that the dependence structure observed in the responses can be fully captured by
two components: the spatial autoregressive component and the regression component associated with
exogenous covariates. Unfortunately, in reality, this assumption could be questionable. In fact, much
empirical evidence suggests that nontrivial dependence might still exist in random noises. Ignoring this
crucial insight might lead to biased estimations and thus inaccurate predictions.

To fix the problem, we propose a spatial autoregressive moving average (SARMA) model [1,8,14,15].
It accounts for the shareholder network effect of multiple stocks. This model could be viewed as a
natural extension of the spatial autoregressive model but with an additional spatial moving average
(SMA) component. By including the SMA component, the previously ignored dependence in the random
noise can be captured and investigated. To this end, we identify the top five or top ten shareholders
for each stock. Two stocks are said to have a common shareholder relationship if there is some overlap
in the top shareholders between the two stocks. Thereafter, an adjacency matrix A = (a;;) € RNVXN
can be constructed to describe the common shareholder network. Specifically, for any two arbitrary
stocks ¢ and j, a;; = 1 if they share at least one common shareholder; otherwise a;; = 0. As a result,
we can use the adjacency matrix A to capture the shareholder effect of different stocks. To estimate
the parameters of the SARMA model, we employ a quasi-maximum likelihood estimation method. By
temporarily assuming that the error term follows an independent Gaussian distribution, a quasi-log-
likelihood function can be established. Its first- and second-order derivatives can then be analytically
calculated. A standard Newton-Raphson type computational algorithm is then used to optimize the quasi-
log-likelihood function. This leads to the quasi-maximum likelihood estimator (QMLE). Theoretically,
we can prove that the QMLE is consistent and asymptotically normal under appropriate conditions, even
if the random noise is not Gaussian at all. To demonstrate its practical use, we apply the proposed
method to the Chinese stock market data and extensively analyze the results.

The rest of this article is organized as follows. Section 2 introduces the stock market data and network
dependence, which includes the description of the data, descriptive analysis, explanation of the SARMA
approach, statistical analysis and real data results. Section 3 discusses the asymptotic theory, which
contains the description of the QMLE. In this section, the statistical hypotheses are also tested, and the
results of the simulation and hypothesis testing are provided. A short discussion and some concluding
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remarks are presented in Section 4. All the technical details are relegated to the appendix.

2 Stock market data and network dependence

2.1 Data description

We present here a case study on the shareholder network effect in the Chinese stock market, where
the data were collected from the China Stock Market and Accounting Research (CSMAR) Database.
Specifically, a total of 509 stocks in the Shanghai A stock market, 591 stocks in the Shenzhen A stock
market and 184 stocks in the growth enterprise market (GEM) were analyzed. For each stock market,
the response variable Y; for 1 < ¢ < N is the excessive return (in percentage) of each stock. Here, the
excessive return is defined as the daily stock return subtracted by the return of the market (e.g., as
represented by the corresponding market composite index). In empirical finance, some practical evidence
reveals that stocks from different industries may exhibit different performances [4]. This inspires us to
collect a covariate of
X; = (Xil,XiQ, S ,Xip) € RP

for each Y;, where X, = 1 if stock 7 belongs to the k-th industry, and X;; = 0 otherwise. In this proposed
example, we consider p = 10 different industries. They are, respectively, agriculture, construction, culture
and sports, electricity, finance, information, manufacturing, mining, real estate and wholesale and retail.
Furthermore, to investigate the inter-stock dependence, we use the adjacency matrix A described in
Section 1.

2.2 Descriptive analysis

To provide a quick understanding of the three markets, various network statistics are computed. We
start by calculating the in-degree and out-degree distributions. For illustration purposes, we take the
Shanghai A stock market as an example. The results are shown in Figures 1-2.
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Figure 1 (Color online) Shanghai A stock market: inter-stock dependence constructed using the top five shareholders.
(a) Visualization of the network structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree
distribution

250 T T T T T T 250

200 200
oy )
2150 2150
% =]
g 100 2 100
= =

50 50

[=)

0 20 40 60 80 100 120 0 20 40 60 80 100 lé()
In-degree Out-degree

(a) (b) ()

Figure 2 (Color online) Shanghai A stock market: inter-stock dependence constructed using the top ten shareholders.
(a) Visualization of the network structure. (b) Histogram of the in-degree distribution. (c¢) Histogram of the out-degree
distribution
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The figures illustrate how the network structure can differ when different common shareholder
information is used in the construction (e.g., top five or top ten). There are two small dense networks
in Figure 1, while there is only one small network in Figure 2. We further investigate the dense clusters
in Figure 1 and find that most of the nodes are large state-owned enterprises, such as the Industrial and
Commercial Bank of China, Agricultural Bank of China, Bank of China and Sinopec. These enterprises,
respectively, account for 6.25%, 4.84%, 3.39% and 2.7% of the total market value. Another interesting
finding is that the degrees of those companies are very large. This suggests that they are correlated
with each other in terms of common shareholder information. This, to some extent, validates our
conjecture regarding inter-stock dependence. In addition to this, there also exists an industry effect among
different stocks. To further investigate the industry effect, we visualize the results of three representative
industries—manufacturing, mining and real estate—in Figures 3-5. To better display their patterns, the
vertical coordinates of the in-degree and out-degree distributions are marked with logarithms. Clearly,
the network structures of the three industries differ from one another. For example, the network structure

of the manufacturing industry is denser than the other two industries.
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Figure 3
Visualization of the network structure.
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(b) Histogram of the in-degree distribution.
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Figure 4 (Color online) Mining: inter-stock dependence constructed using the top five shareholders. (a) Visualization of
the network structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution
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Figure 5 (Color online) Real estate: inter-stock dependence constructed using the top five shareholders. (a) Visualization
of the network structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution
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2.3 The SARMA approach

To model the shareholder network effect of different stocks, we adopt the SARMA approach. It should
be noted that in terms of the use of the SARMA model, there is a fundamental difference between spatial
data and network data in the construction of adjacency matrices. For spatial data, the adjacency matrix
is usually constructed by using spatial relationships (e.g., spatially close or neighboring). However, for
network data, the adjacency matrix is constructed based on network relationships. Once the adjacency
matrix is constructed, it seems that little difference exists between the two types of data. In this particular
case, suppose that we have a large common shareholder network with N stocks. Its structure is then
captured by the adjacency matrix A described in Section 1. Furthermore, we define a;; = 0 and Zf\il a;j
> 0 for completeness.

For each stock i, we observe an excessive return Y; and a p-dimensional exogenous covariate (i.e., the
industry) X; = (X1, Xi2,...,Xip)T € RP. To model the inter-stock relationship between Y;’s via the
shareholder network, we adopt the SARMA model with X-variables (SARMAX) as follows [1]:

Y = pWY + X8 +yWE + &, (2.1)

where Y = (Y1,...,Yn)T € R is the response vector of excessive returns, X = (Xy,..., Xy)T € RV*P
is the design matrix of the industry related covariates, W = (w;;) € R¥*¥ is a row normalized adjacency
matrix with w;; = a;;/ Z;\le aij, p and 7y are the shareholder network effect coefficients, and 3 is a
p x 1 vector of the regression coefficients. Additionally, & = (e1,...,ex)T € RY is the random noise
vector, which is assumed to follow a multivariate distribution with a mean of 0 and a covariance matrix
of 021 € RNXN | Here, I stands for an identity matrix with compatible dimensions. It should be noted
that the disturbance process in the model (2.1) is a special case of the proposed model in [2]. According
to the model (2.1), we know that

Y = (I —pW) " HXB+ (I +yW)E}.
Accordingly, we have E(Y | X) = (I — pW)~1X8 and
cov(Y | X) =S = o?(I — pW) I +yW)T +yWH)(T — pW )7L

We assume that |p| < 1 and |y| < 1 throughout the entire article since I — pW and I +~W are invertible
as long as |p| < 1 and |y| < 1, as noticed by [21]. We next consider the problem of the parameter
estimation and hypothesis testing.

2.4 Statistical analysis

To estimate the shareholder network effect involved in the model (2.1), a quasi-maximum likelihood
estimation method is provided. Note that E(Y | X) = (I — pW)~1Xf and

cov(Y | X) = 8 = o?(I — pW) " HI +yW)T +yWH([T — pWw )71,
and the normal log-likelihood function of the model (2.1) is
00) = —g log(27) — %log(az) —log |I +yW|+log |l — pW|
- ﬁ{(f — WY = XBYT (T + AW )N I + W) (I — pW)Y — X3},

where 0 = (p,7, BT,0%)T € RPT3. We define K (p) = I — pW, S(y) = I +~yW and G(p, 8) = (I — pW)Y
— XB. Accordingly, the above log-likelihood can be rewritten as (omitting some constants)

£(6) = 5 los(0?) ~ 108 K (p)| +log|S()| — 55 G0, 5 (SO 'S() ' Gp 5). (22)
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Subsequently, the QMLE 6 can be obtained as 6 = argmaxy £(0). For ease of notation, we use K, S
and G to represent K(p), S() and G(p, 8), respectively, throughout the entire article. To ensure a good
statistical inference, we further consider the problem of the hypothesis testing.

For the hypothesis testing, we propose three interesting tests, including the testing for global
significance, the testing for the shareholder network effect and the testing for the industry effect. First,
we write 6 = (p,7,BT)T; thus, the test for global significance is

Hy:0=0 vs. Hy:0#0. (2.3)

A quasi-likelihood ratio test is proposed to compare the associated likelihood with and without constraint
6 = 0. When there are no constraints, the QMLE is 6 = (P, A ok BT, 62)T. On the contrary, under the null
hypothesis of # = 0, we can obtain a constrained QMLE of 9 = argmax, 5_, £(0). The quasi-likelihood
ratio test statistic is then defined as T, = 2{¢(f) — £(8,)}. We next test for the sharcholder network effect
using the following hypothesis test:

Hoy:p=~v=0 vs. Hy:p#0or~vy#0. (2.4)

Similarly, let 6, = arg max,, p=~—0 £(0) be the QMLE obtained under constraint p = v = 0. The likelihood
ratio test statistic is then defined as T, = 2{¢(d) — £(0,)}. Lastly, we consider the test for the industry
effect. The interested statistical hypothesis test is given as follows:

Hy:8=0 vs. Hy:B8#0. (2.5)

Let 55 = argmaxy.z_o /() be the QMLE obtained under constraint 8 = 0. The quasi-likelihood ratio
test statistic can then be defined as T = 2{¢(d) — £(f3)}. Having developed elegant estimation and
hypothesis testing methods, we next provide a thorough empirical analysis of the Chinese stock market
data.

2.5 Stock market data analysis results

In this subsection, we employ the proposed SARMA model to analyze the stock market data introduced
in Subsection 2.1. The estimated results of p, v and o2 are given in Table 1, and the results of 3
are displayed by using barplots in Figures 6—8. In Table 1, network 1 stands for the adjacency matrix
constructed using information on the top five common shareholders, while network 2 stands for the
adjacency matrix constructed using information from the top ten common shareholders. From Table 1,
we can see that all the estimators are statistically significant at the 1% or 5% level. Taking the Shanghai
A stock market in network 1 as an example, the estimated p = 0.2127 (p < 0.001) suggests that the
return of a stock is positively related with the performance of its connected neighbors. We can find that
if two stocks have a common shareholder, their stock returns will be highly correlated. The estimated
v = —0.2352 (p < 0.05) confirms that the return of a stock is negatively related with the error from
its connected neighbors. Finally, from Figures 6-8, we can see that the estimated ’s are very different
in the three markets. For example, the coefficients of some industries, such as finance, information and
manufacturing are significantly large in the Shenzhen A stock market, but not significant in other markets
(e.g., GEM). This suggests an industry effect among the returns of different stocks.

Furthermore, to test the goodness-of-fit of the SARMA model, we propose here an interesting graphical
strategy called a residual-residual (RR) plot. The key assumption of the SARMA model is that the
observed spatial dependence in Y can be fully explained by the SARMA model structure. If this
assumption is indeed correct, we should expect ¢;’s to be mutually independent, regardless of whether they
are connected. Inspired by this idea, we randomly pick one stock 7 and one of its connected neighbors j.
We then use estimated residual ; as the X-coordinate and estimated é; as the Y-coordinate. By doing
50, a total of 100 paired residuals (¢;,¢;) are plotted in Figure 9. From the figure, we can see a random
pattern of scatter points. This indicates that the SARMA model provides a good fit to the data.
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Table 1 Estimation result for the stock market data
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Network 1 Network 2
Market Parameter Estimate p-value Estimate p-value
o 0.2127 <0.0010 0.3034 <0.0010
Shanghai 107 —0.2352 0.0141 —0.3075 0.0015
o? 0.0004 <0.0010 0.0004 <0.0010
p 0.7086 <0.0010 0.6908 0.0013
Shenzhen o' —0.6579 0.0004 —0.7312 0.0010
o? 0.0003 <0.0010 0.0002 <0.0010
p 0.6467 0.0031 0.8056 0.0037
GEM o' —0.8485 <0.0010 —0.7951 0.0082
o? 0.0004 <0.0010 0.0005 <0.0010
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Figure 9 The RR plot

3 The asymptotic theory
3.1 The quasi-maximum likelihood estimator
To corroborate the empirical findings obtained in the previous section, we present here a relatively

complicated asymptotic theory. We start by introducing a set of regularity conditions. Before stating
the conditions, we first define that Ay () = —N"TE{0%((0)/0000T}. Here,

T . T . .
An(0) = [AN11, AN2, AN 13, AN14; AN 21, AN 22, AN 03, AN 245 AN 31, AN 32, AN 33, AN 345

AN a1, AN 42, A%,43> Ay 4] € RPFIXPH3)

with

Ay = N (WK K'W) + N e WT (KT 'K~}

+ N7 lo 2t {(XB) T (KT) W T (ST~ 1S ' WK ~XB},
Ange = N"Hr(WSHS™'W) + N~ r{W ™ (7)1 s~ 'w},
Anss =0 2NTIXT(ST)TISTIX, Ayau=2""0"",
Anji2=Ano1 = N (WK 1S7'W) + Nt {w (K1)~ 1s— 1w,
Aniz=Ang =0 NIXT(ST) LS WK I3,
Ania=Ang =0 N 'e(KT'W),  Anos = Ansze =0,
Anos=Ango =0 N"'tr(STIW), Anss=Anaz =0,

We then define the matrix

In(0, 1P, 1 ™) = [T a1, I 12, \7;\%13, IN 143 IN 21, TN 22, «7;\%23, IN 245 IN 31, IN,32, IN,33, TN 345

IN.41, IN 42, 75,437 JIN 4] € RPH)X(P+3)

and we have

Ina1 =20 AN Hr{(STTWEKIXBI%) o WK 1) }u®

+ o N "M {(K'W) o (K~'W)Hu® — 304),
TNz =0 *N"Hr{(STIW) o (ST'W)H(p™ - 30%),
Inas =0, Jnvas=4""o 8N (u® - 30%),
Iniz = Ino1 =0 N"Hr{(STIWEKIXBIE) o (ST1W) 113

+ o AN (K7W o (STEW) H ™ — 30,

Iniz = JIng =0 INTIXT(ST) WK1 @),
Inos = TInse =0 AN"Hr{(STTW) o (STIXIE) u®,
Inaa = Ina =2 o " NTIXBE WS iy p® + 27 o TSN T (KW (™) — 30%),
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In2a = TInaz =20 CN L (STW) (ut) — 30%),
Inga=TInaz =0 "NHNST X u®),

where o is the Hadamard product of matrices, u(®) = E(e?), u® = E(e?) and Iy = (1,...,1)T € RV,
For the ease of notation, we use Ay and Jy to represent Ay () and Jn (0, ), u®), respectively, in
the rest of this article. We next assume the following conditions.

(C1) (Random error) Assume that ¢;’s are independent and identically distributed random variables
with a mean of 0 and a variance of o2. Furthermore, assume Ele;|[*** < oo for some positive constant
A>0.

(C2) (Weight matrix) Assume that K is nonsingular and there exists a finite positive constant C
such that |K 7w + |[Wlleo < C for all sufficiently large N, where ||[V||o is defined as ||V|w =
Max1<i<N Zjvzl |v;j| for any generic matrix V = (v;;) € RV*V,

(C3) (Law of large numbers) Assume that the elements of X are uniformly bounded constants for all N.
In addition, there exists a positive definite matrix ¥ € RP*P such that XTX/N —, X.

(C4) (Hessian matrix) Assume that there exist a positive definite matrix A € R®P+3)*®+3) and 7 ¢
R®+3Ix@+3) guch that Ay —p A and Jy —p J as N — oo.

These conditions are all mild and commonly used in the literature. Condition (C1) is a moment
condition, which is much weaker than commonly used distribution assumptions (see, for example, the
normal assumption in [24,31]). Conditions (C2) and (C3) are standard regularity conditions used in the
spatial literature [21,30]. Condition (C4) is a law of the large number-type assumption, and it is used
to show the asymptotic normality of the QMLE. A similar condition can be found in [17]. Based on the
above conditions, we then have the following theorem.

Theorem 3.1.  Under Conditions (C1)-(C4), there exists a local optimizer 6 such that [0 — 0|
= O,(N~Y2). Furthermore, assume N — co. Then we have VN(0 — 0) —4 N(0,A™' + AL JA™Y),
where A and J are defined in Condition (C4).

By Theorem 3.1, the consistency and asymptotic normality of 6 are established by using proper
conditions, and the proof of this theorem is given in Appendix B. For an asymptotically valid
statistical inference, A~™! 4+ A=17A~! needs to be estimated, which can be consistently estimated by
AV (O) + ARG TN (B, 43, g0 ARG (0), where 4() = N1 &2 for s = 3,4 and

Er-oen) = e(p 4, 8) = STHA)G(p, B).
3.2 Testing statistical hypotheses

To demonstrate the effectiveness of the three proposed quasi-likelihood ratio tests, we investigate their
asymptotic properties. First, we provide the theoretical properties under the null distributions given in
Subsection 2.4.

Theorem 3.2.  Under Conditions (C1)-(C4), we consider the null hypotheses of H§ : 0 =0, HS: p
=~ =0 and HS : 3 =0, respectively. Their quasi-likelihood ratio test statistics satisfy

p+3 p+3 p+3
Ty —a» XigOu®, pNG 1, To—=a > Xial0, 5P, 000G Ty —=a Y (0,4, 1)x?
1=1 1=1 =1

as N — oo, where Aj 4, Nis and A;p, are the i-th largest eigenvalues of the matrices
—1/27 A—1 -1 -1/2 —1/27 A—1 -1 —1/2
A+7) VAT =AM A+ )TV (AT AT AT A+ )Y
and
(A+7)" AT = AT A+ )72

X?,1 represents a chi-squared distribution with degree of freedom 1 for £ =1,...,p+3 and Ay, As and Ay
are given in Appendiz C. Furthermore, when & is normally distributed, we have Ty —q Xf)“, Ts —a X3
and Ty, —4 Xf,, respectively.
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In practice, \;g(0, 1, u™®) is unknown and can be estimated by Ay ,(0,
AN (0, 1), 1) is the i-th largest eigenvalue of the (p + 3) x (p + 3) matrix

) a®), where

{AN ) + In (0, 4@, g™ 2{AG0) — AN O HANO) + T (0, 43, fD)} 12,

A similar definition can be used in the other two cases.

Theorem 3.2 addresses the asymptotic properties of the proposed statistical tests under the three null
hypotheses. We consider the power or limiting distribution under local and fixed alternatives. The
fixed alternative is simple in that the powers of the three tests are close to 1. We then focus on the
local alternative. To this end, we set the true values under the local alternatives for the three tests,
respectively, as HY : 0 = @,/\/N = (pg/\/]v,'yg/\/ﬁ,ﬁ;r/\/ﬁ)T, H; : (p,) = (ps/VN,vs/V/N) and
HY : 8 = By/VN, where 59 is a constant vector and Hggﬂ < oo. Additionally, ps, s and B, are the
non-zero constants and |ps| < 0o, |ys| < 0o and |5y| < 0o. The associated power functions are defined as

B - P(T > Xwelght g( ) ‘ Hg) BS = P(TS > X\%veight,s(]' - a) ‘ Hls)

and
By, = (Tb > Xwelght b( ) | H )

where vaeight7g(1—a), vaeight7s (1—a) and meght,b(l—a) are the 1—« theoretical quantiles of the weighted
chi-square distributions Zfif i Xo 1> 2o P N X7 and Zfif AipX:1- The asymptotic properties of the
three power functions are given below.

Theorem 3.3.  Under Conditions (C1)—(C4), we can obtain

lim (BQ) =1- Fg{steight,g(l - Oé) - o;erg}a ngnoo(Bs) =1- ES{ngeight,s(l - Oé) - asTAHS}

N—o0

and
lim (Bb) =1- Fb{Xwelght b(l ) - abTAab}7

N—oc0

where Fy(-), Fs() and Fy(-) are the cumulative distribution functions of the weighted chi-square
distributions Zf;?’ 9 Xi 15 Zp+ AisXi1 and Zp+ AipXi 1, where 0y = (pg,7g, By ,0)", O = (ps, Vs
0%,0)" and 6, = (0,0,5,0).

The above theorem reveals that the three tests Ty, T and T are consistent as long as 95A6‘g — 00,
T AO, — co and HbTAHb — 00.

3.3 Simulation studies

To demonstrate the finite sample performance of the proposed method, we present a total of five simulation
studies. These simulation studies are similar to each other except for the generating mechanism of the
adjacency matrix A. For illustration purposes, we consider X; = (X;1, X;2)T € R? with p = 2, and
X is generated from a two-dimensional normal distribution with a mean of 0 and a variance matrix
of 2I. The true value of § = (p,v, 8%, 02)T is set as 6y = (0.1,0.1,0.5,0.5,1). The response variable
Y is then generated according to the model (2.1). We consider various network sizes N equaling 100,
200, 500, 1,000 and 2,000. For each simulation sample and network size, the experiment is randomly
replicated M = 1,000 times. We use 7(") to represent one particular estimator (e.g., p) obtained in the
m-th replication. We assume the true parameter to be 7y, and the root-mean-square error (RMSE) is

M 1/2
RMSE = {M1 > (Fm — 70)2} .

m=1

evaluated as

In addition to that, a 95% confidence interval (CI) is constructed as

(m)

CI(m) = (%(m) — 20‘975S/E(m), %(m) + ZO‘975§.E )7
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where S/I\E(m) is computed according to the asymptotic covariance formula given in Theorem 3.1 by
replacing the unknown parameters with their estimates. Here, z, is the a-th quantile of a standard
normal distribution. Accordingly, the empirical coverage probability (ECP) is computed as

M
ECP =M1 )" I(r € CI),
m=1
where I(-) is the indicator function. Next, we present the generating mechanism of the five specific
network models and their simulation results.

Example 3.1 (Erdés-Rényi (ER) network model). ~ We first present a simple network structure called
the ER network [9]. It is a random network with different a;;’s (i # j) independently generated with a
fixed probability p. In this example, we set p = 5/N so that the resulting network structure is reasonably
sparse. One typical simulated network structure of this type and its degree distributions are displayed in
Figure 10. For this network structure, the histograms of both the in-degree and out-degree distributions
are somewhat symmetric. Simulation results are summarized in Table 2, where we find that the RMSE
values steadily decrease towards 0 and the ECP values are close to the nominal level of 95% as N — oo.
This suggests that the estimators are asymptotically normal and the estimated standard error (i.e., §1\3)
can approximate the true standard error well.

Example 3.2 (Dyad independence model). We next consider a network with a dyad independence
structure [19]. Compared with the ER network, a dyad independence model allows a;; to be dependent
on aj;; for any ¢ < j. However, for any (i1, j1) # (i2,J2) with i1 < ji and iz < js, the two dyads
(@iyjy @jyiy) and (aiyjy, @jyi,) are assumed to be independent. Specifically, we generate A as follows.
Define Zij = (aij,aji) for any 1 < 1 < ] < N. Next, set P{Z” = (1,0)} = P{Zij = (0, 1)} = 5N_1 and
P{Z;; = (1,1)} = 0.5N 1. This leads to P{Z;; = (0,0)} = 1 —5.5N !, which is close to 1 for a large N.
In this way, we generate Z;; independently, leading to the final A and W. One typical simulated network
structure of this type and its degree distributions are displayed in Figure 11. For this network structure,
the histograms of both in-degree and out-degree distributions are approximately normal. The detailed
results are given in Table 3, and they are qualitatively similar to those in Table 2.
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Figure 10 (Color online) One particular random realization of the ER network model. (a) Visualization of the network
structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution

Table 2 Simulation results for the ER network. The RMSE values are reported for every estimator. The ECPs (in %)
are given in parentheses

N p y B B2 52

100 0.3218 (90.4) 0.2378 (89.4) 0.0505 (93.9) 0.0532 (93.9) 0.6799 (90.8)
200 0.1124 (91.8) 0.1627 (91.6) 0.0353 (95.1) 0.0345 (95.1) 0.1037 (93.5)
500 0.0628 (93.4) 0.0934 (93.6) 0.0215 (96.1) 0.0227 (96.1) 0.0630 (94.6)
1,000 0.0442 (95.3) 0.0641 (94.5) 0.0158 (95.1) 0.0161 (95.1) 0.0453 (93.8)
2,000 0.0305 (95.1) 0.0430 (95.0) 0.0117 (93.3) 0.0111 (93.3) 0.0314 (95.6)
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Example 3.3 (Stochastic block model). The third network model is a stochastic block structure
[26,29]. Specifically, let K = 5 be the total number of blocks. We then follow Zhu et al. [34], and randomly
assign a block label to each node with an equal probability of 1/K. Next, we set P(a;; = 1) = 20N~ if
i and j are in the same block, and P(a;; = 1) = 0.02N ! otherwise. Correspondingly, the nodes within
the same block are more likely to be connected to each other, while those from different blocks are less
likely to be connected. One typical simulated network structure of this type and its degree distributions
are displayed in Figure 12. For this network structure, the histograms of both the in-degree and out-
degree distributions are approximately normal. The results of the model are shown in Table 4; they are
qualitatively similar to those in Table 2.

° 25— ——————— 17— IJ———
s S 20 30
o. e >, 25
[ ] o 8 o 215 220

° ® L ] £ g 2
Pl G s, g 2 10 215
X { ] o 2]

o ne Y 2 £ 10
° é 5 5

3 0 ‘ ‘ o 0

) 1 2 3 4 5 6 7 8 91011 012 3456 78 91011

In-degree Out-degree

(a) (b) (©)

Figure 11 (Color online) One particular random realization of the dyad independence model. (a) Visualization of the
network structure. (b) Histogram of the in-degree distribution. (c¢) Histogram of the out-degree distribution

Table 3 Simulation results for the dyad independence model. The RMSE values are reported for every estimator. The
ECPs (in %) are given in parentheses

N p ¥ B B2 *
100 0.1704 (90.7) 0.2361 (89.5) 0.0541 (94.1) 0.0595 (94.1) 0.2210 (91.3)
200 0.1077 (92.6) 0.1587 (92.3) 0.0352 (94.9) 0.0349 (94.9) 0.1031 (92.3)
500 0.0651 (94.0) 0.0970 (93.3) 0.0216 (96.1) 0.0228 (96.1) 0.0632 (93.9)
1,000 0.0441 (95.8) 0.0664 (94.1) 0.0158 (94.9) 0.0162 (94.9) 0.0453 (93.5)
2,000 0.0329 (94.4) 0.0459 (95.6) 0.0118 (93.4) 0.0111 (93.4) 0.0316 (94.8)
B
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Figure 12 (Color online) One particular random realization of the stochastic block model. (a) Visualization of the network
structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution

Table 4 Simulation results for the stochastic block model. The RMSE values are reported for every estimator. The ECPs
(in %) are given in parentheses

N p y B B2 52

100 0.1451 (91.3) 0.2341 (91.3) 0.0506 (94.0) 0.0520 (94.0) 0.2687 (91.8)
200 0.0854 (94.1) 0.1511 (93.2) 0.0345 (95.0) 0.0334 (95.0) 0.1015 (92.6)
500 0.0568 (93.6) 0.0967 (94.7) 0.0214 (96.2) 0.0225 (96.2) 0.0630 (94.0)
1,000 0.0370 (95.7) 0.0669 (94.9) 0.0159 (95.3) 0.0162 (95.3) 0.0453 (93.4)
2,000 0.0276 (94.7) 0.0489 (94.4) 0.0118 (93.4) 0.0111 (93.4) 0.0314 (94.7)
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Example 3.4 (Power-law distributed model).  The power-law distributed network structure is another
important network structure in practice [3,7]. The main feature of a power-law distributed network
structure is that the majority of nodes (e.g., normal people) have very few connections, but a small
amount of nodes (e.g., movie stars) have large numbers of connections. To simulate such a network
structure, we follow Zhou et al. [32] and generate A as follows. First, for each node i, we generate its
in-degree, d; = Zj a;;, according to the discrete power-law distribution with P(d; = k) = sk™*, where s
is a normalizing constant and the exponent parameter is set as « = 2. Next, for each i, we randomly
select d; nodes as i’s potential followers. One typical simulated network structure of this type and its
degree distributions are displayed in Figure 13. For this network structure, the histograms of both the
in-degree and out-degree distributions are lightly skewed. The detailed simulated results are showed in
Table 5, and they are qualitatively similar to those in Table 2.

Example 3.5 (Popularity scaled latent space model). The last network structure is generated
according to the popularity scaled latent space model (PSLSM) of [6]. They assume a position for
each node in a hypothetically assumed latent space. Two nodes therefore are more likely to be connected
with each other if they stay close to each other. In addition, the nodes with large popularity values are
likely to have more connections. Specifically, for each node i, we generate its latent space position Z; € R*
using a standard normal distribution. Next, the popularity parameter \; (1 < ¢ < N) is independent
and identically drawn from a power-law type distribution P(\; = k) = sk~%, where s is a normalizing
constant and o = 1.5. Conditional on Z = {Z; : 1 < i < N}, the a;;’s are independently generated
according to
2 2
P(aij =1 | ZZ‘7ZJ‘7>\J‘) = exp {W}
J

One typical simulated network structure of this type and its degree distributions are displayed in Figure 14.
For this network structure, the in-degree histogram is highly skewed, while the out-degree histogram is
approximately symmetric. The numerical results are summarized in Table 6, and they are qualitatively
similar to those in Table 2.
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Figure 13 (Color online) One particular random realization of the power-law model. (a) Visualization of the network
structure. (b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution

Table 5 Simulation results for the power-law model. The RMSE values are reported for every estimator. The ECPs
(in %) are given in parentheses

N p ¥ B B2 62

100 0.2042 (89.3) 0.3164 (87.6) 0.0538 (92.8) 0.0537 (92.8) 0.1811 (90.9)
200 0.1121 (93.4) 0.1723 (91.2) 0.0354 (94.7) 0.0346 (94.7) 0.1039 (93.3)
500 0.0745 (94.0) 0.1100 (93.8) 0.0216 (95.7) 0.0228 (95.7) 0.0628 (94.6)
1,000 0.0543 (94.8) 0.0819 (94.3) 0.0159 (95.3) 0.0162 (95.3) 0.0453 (94.3)
2,000 0.0394 (94.4) 0.0631 (94.4) 0.0118 (93.4) 0.0111 (93.4) 0.0316 (95.1)
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Figure 14 (Color online) One particular random realization of the PSLSM. (a) Visualization of the network structure.
(b) Histogram of the in-degree distribution. (c) Histogram of the out-degree distribution

Table 6 Simulation results for the PSLSM. The RMSE values are reported for every estimator. The ECPs (in %) are
given in parentheses

N p g B Ba 52

100 0.1444 (91.1) 0.2455 (87.9) 0.0515 (94.5) 0.0547 (94.5) 0.1478 (92.1)
200 0.0897 (93.3) 0.1464 (92.7) 0.0360 (93.9) 0.0358 (93.9) 0.1005 (93.0)
500 0.0527 (94.9) 0.0890 (93.9) 0.0236 (93.5) 0.0223 (93.5) 0.0654 (93.5)
1,000 0.0413 (94.4) 0.0656 (94.8) 0.0156 (96.1) 0.0156 (96.1) 0.0462 (94.0)
2,000 0.0276 (94.8) 0.0427 (94.7) 0.0114 (95.4) 0.0113 (95.4) 0.0319 (95.1)

3.4 Hypothesis testing results

We further study the performance of the quasi-likelihood ratio tests by their empirical size and power
with a significance level of 0.05. First, we evaluate the empirical size of the quasi-likelihood ratio test
under three different cases. Case 1 sets the true value of § = (p,v, 8%, 0%)T as 6y = (0,0,0,0,1)T so that
the empirical size of the global significant test can be evaluated. Case 2 sets 6y = (0,0,0.1,0.1,1)T so that
the empirical size of the shareholder network effect can be evaluated. Case 3 sets 6y = (0.1,0.1,0,0,1)T
so that the empirical size of the industry effect can be evaluated. Various network sizes N equaling
500, 1,000 and 2,000 are considered. For each simulation example and network size, the experiment
is randomly replicated M = 1,000 times. Let Tém) represent the test statistic for global significance
obtained in the m-th replication. We independently and identically generate

{X?,nii=1w~,10+3,n=1,...,10000}

from the chi-squared distribution with degree of freedom 1. The m-th p-value is given by

p+3
pr-value = 100007 3" 1 {T;m) > Awig(0, 49, ﬂ(‘”)xin}
n =1

where Ay i g (é, (3, i) is a consistent estimator of )\i,g(é,ﬂ(g),ﬂ(‘l)) under the null hypothesis stated
below Theorem 3.2. The other two testing methods are evaluated similarly, and the simulated results are
summarized in Table 7.

Second, we examine the empirical power of the quasi-likelihood ratio test with a significance level
of 0.05 under the same setting except for a different 6y = (0.1,0.1,0.05,0.05,1)". The simulated
results are summarized in Table 8. For the purposes of illustration, we also consider the setting of
6o = (1.50,1.50,0.80,0.8¢,1) with a fixed sample size N = 500, where g equaling 0.02, 0.05 and 0.10
measures the signal strength of the parameters. The simulation results are shown in Table 9. From
Tables 7-9, we can draw the following conclusions. The first is that the empirical sizes of the three tests
are close to a confidence level of 0.05. The second is that the empirical powers of the three tests tend to
100% when the sample size N or the signal strength g obtains larger. These two findings indicate that
the three tests perform well when N is large.
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Table 7 Empirical size of the quasi-likelihood ratio test

N Case ER DI SB PLD PSLSM
1 0.042 0.043 0.017 0.039 0.027
500 2 0.063 0.067 0.031 0.050 0.053
3 0.058 0.078 0.062 0.083 0.070
1 0.037 0.037 0.023 0.042 0.038
1,000 2 0.055 0.047 0.058 0.054 0.060
3 0.055 0.061 0.054 0.064 0.061
1 0.041 0.038 0.033 0.040 0.042
2,000 2 0.054 0.045 0.042 0.063 0.050
3 0.066 0.060 0.059 0.060 0.054

Table 8 Empirical power of the quasi-likelihood ratio test

N Case ER DI SB PLD PSLSM
1 0.954 0.959 0.865 0.891 0.967
500 2 0.762 0.769 0.566 0.503 0.777
3 0.841 0.834 0.807 0.841 0.830
1 0.999 1.000 0.962 0.998 0.999
1,000 2 0.966 0.970 0.807 0.865 0.944
3 0.984 0.977 0.961 0.981 0.982
1 1.000 1.000 0.998 1.000 1.000
2,000 2 1.000 1.000 0.951 0.992 0.999
3 1.000 1.000 1.000 1.000 1.000

Table 9 Empirical power of the hypothesis testing results

0 Case ER DI SB PLD PSLSM
1 0.158 0.137 0.117 0.132 0.122
0.02 2 0.105 0.091 0.104 0.070 0.067
3 0.175 0.169 0.171 0.184 0.171
1 0.776 0.771 0.634 0.662 0.777
0.05 2 0.503 0.490 0.349 0.302 0.512
3 0.661 0.646 0.631 0.663 0.661
1 1.000 0.999 0.997 1.000 1.000
0.10 2 0.990 0.988 0.910 0.850 0.987
3 0.996 0.997 0.994 1.000 0.998

4 Concluding remarks

In this article, we proposed an SARMA model to study inter-stock dependence among multiple stocks
in the Chinese stock market. To investigate the effect of inter-stock dependence, a common shareholder
network was used to construct an adjacency matrix. The proposed model then made use of the inter-stock
dependence, error dependence and exogenous industry information. A thoroughly developed application
using the Chinese stock market data was then extensively studied. To solve the parameter estimation
problem, a quasi-maximum likelihood estimation method was proposed, and the associated asymptotic
properties were established. The performance of the QMLE was proven by extensive simulation studies.

To conclude this article, we discuss several interesting topics for future study. First, for a large-
scale dataset, calculating the QMLE is computationally expensive [22,31]. This is mainly because the
determinant and inverse of an ultra-high-dimensional matrix are involved. Some more computationally
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efficient methods could be considered, such as GMM. Second, many responses in the real world are time
series observations. Therefore, time dynamics could be considered and statistically modeled. Third,
the SARMA model requires the responses to be continuous. However, discrete responses are frequently
encountered in real data analysis. This is also an interesting topic that needs to be further investigated.
Lastly, the network connectivity in our case is known and does not need to be estimated. However, a more
realistic situation is that the network adjacency matrix is estimated with the non-ignorable statistical
error. Thus, exactly how to apply the proposed method is not yet clear at the moment. We consider this
an excellent topic for future study.
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Appendix A Four useful lemmas

This appendix introduces four useful lemmas. Before providing the technical lemmas, we first introduce
some notations. Let || - ||s denote the vector s-norm or the matrix s-norm for 1 < s < oo. In other
1/s

words, for any generic vector z = (21,...,24)T € RY, |Jz|ls = (30, |2:]*)*/*%, and for any generic matrix

G € R™*4, we have
IG||s = sup{||Gz||s/||z||s : x € R and z #0}.

In addition, define the element-wise ¢o, norm for any generic matrix G as |Gloo = |vec(G)||0, Where
vec(G) denotes the vectorization for any generic matrix G. We next introduce the following four useful
lemmas. Since Lemma A.2 is directly modified from [20], we only present the proofs of the remaining
three lemmas.

Lemma A.l1. For any vector a = (aq,...,0,)T € RP, we have the matrices M € RN*P and U
€ RVN*N . Then for any s > 1, we have |[UMa|s < NY*|M|oo||U||oo ||t||1-

Proof.  Write U = (u;j)nxN € RNXN and M = (m;j)nxp € RNXP_ For any p-dimensional vector
a=(ai,...,a,)T and a fixed 1 <i < N, we have

N p N p
SN ugmgrar| <30 Juigllmy| | = Z vk Z |||

j=1k=1 j=1k=1 k=1

p
< |M|oo]; |k | 1I<naggvz |uij| = [M]ool|UTloolex[|1-

Then, we have

2

s 1/8
} < NY3| Moo |U oo 1t

N p
joaral. = { 3| 30X v

i=1"j5=1k=1

which completes the proof. O
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Lemma A.2. Assume ¢;’s are independent and identically distributed with a mean of 0 and a finite
variance of o2. Define
Q=EYHE + BYE — o*tr(H),

where H = (hij)nxn € RY*YN and B = (by,...,by)T € RV*L Suppose that the following assumptions

. N _ 2
are satisfied: (A) SUP N> |H|1 = SUP N> Yoieq [hij| < oo, (B) for some ny > 0, supys1 N 1||B||2ﬂ7]1

< 00, and (C) for some ny > 0, E|g;|*T < 0co. Then we have E(Q) =0 and

e Y T S TG +U2sz+{u<4> _04}211“,

i=1 j#i i=1 j#i

where p'*) = E(e3) for s = 3,4. Furthermore, suppose (D) N~'a}, > ¢ for some ¢ > 0. Then we obtain
N=Y27¢Q —, 0 for any e > 0 and aélQ —q4 N(0,1).
Lemma A.3. Define

20(0) /00 = (94(0)/dp, DL(0) Dy, DL(0) /D5, (D) 90>)".

Under Conditions (C1)-(C4), we have that N=1/200(0)/00 —4 N(0,A + J) as N — co.

Proof. Recall that K =1 —pW, S =1+~W and G = (I — pW)Y — X5. We then compute their
first-order derivatives as

00®) _ —tr(K~'W) + %YTWT(ST)*ls*G,
dp o

86(9) _ —1 1 T Ty—1 T Ty—1¢g—1

86(9) _ T/ oT\—-1¢g—-1 86(0) _ N 1 T/ oT\—-1¢g—-1
95 702X (817 87°G, 902 202+204G ()7 ST G.

According to the model (2.1), we have
Y = (I —pW) HXB+ (I +yW)E}.
Then after a tedious calculation, we obtain

ETng By tT(Hl)
- = + E—o? :

: (A1)
STHLg By, tT(HL)

where L = 4, H; ( ) 1VVT Hy = (ST)_lva7 Hy = 1/20’417 Hy = Onxn, B1 =
(XA (KT IWT(ST T)-1 Bl = 0, By — 0 and By — XT(ST)-1. Let

Q= ETHZE + BFg — 2 tI‘(Hl),
where [ = 1,...,4. In addition, for any generic vector t = (t1,...,t4)T # 0, let
=tTQ(t) = EYH)E +t"B(t)E — o* tr{H(t)},

where Q(t) = (Q1,...,Q4)T, H(t) = (X, i) nxn and B(t) = (By,..., By)T.
According to Conditions (C2)—(C3) and Lemma A.1, we have

[l < K oo W oo < 00, 1Hzllt < 1S7Hloo[W oo < o0,

1 1
H =— ||} = — H. =0.
1Hs]ly = 551y = 53 < oo, [|Hallx
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Consequently, we obtain
sup || H(®)|l1 < oo.
1

=

As a result, Condition (A) of Lemma A.2 is satisfied. According to Conditions (C2) and (C3) and
Lemma A.1 again, for any n; > 0, we have

_ _ 1 _ _
NHBRE = N7y IE8) T (D) T W (ST 3Ty

- 1 24 _ _
SNy BT XEE BT WIS IS THIE™ Y < oo

N7YBalaim =0, N7YBslain =0,

2411 2+m
_ 24 —1.24 _
N7 Ballpi = IXT(ST) Hohn < IXES™ISTHE™ < oo

This implies that

sup [|B@)||2T™ < 4M max |27 sup N7Y| B ||2T" < oo.
aup [BOIEL <477 s 1 sup N BB

Hence, Condition (B) of Lemma A.2 is satisfied. Condition (C) of Lemma A.2 is obviously satisfied by
Condition (C4). We next evaluate each component of E{0¢(0)/06} separately as follows:

E{ag(?} = —tr(K'W) + tr{(KT)"'WT} =0,

E{ag(;)} N _ﬁE{XT(ST)‘l(S‘lKK‘I(Xﬁ +58) — STIXB)}

= LB (5 A - 579} =0,

E{ 9L(0) } N %E((‘ZTS) - N ia%r(f) =0.

902 [~ 204 204 ob
Note that E(EET) = 0% and E(£) = 0. We then compute N ~tcov{d/(6)/00} as

1L[oue)ouo) _ 1 gt 2w (T -1 -1

NE{ % 0p —Ntr(WK K—W) Ntr{W (K*)""K—"W}
1
02N

2 {(XB)T (KT W (ST R )

+ tr{(XB) V(KT TWwT(sT) s~ 'WK~Xp}

1
+ U4Ntr{(KT)71WTWK71}M(4) =An11+ Ini1 = A+ T,
1 0¢(0) 00(0 1
E{ 5'(’7) 8(7)} = UQNXT(ST)_ls_lx = Ap,33 + In,;33 = Asz + Jas,

o) oL _ 1 I
E{ do? 9o [ 4ot + 15N "

of 20200} _ 2

) = An s + TInaa = Dag + Taa,

~—

Clee 2 Sl
FUVE T STW) — S W (KT ST W
+ O%Ntr{(me(KT)—lWT(ST)‘1WT(ST)‘1}M(3)

_|_

tr{ (KT) T TWIWT(ST) "™ = Anae + Tniz — Az + Jie,

oiN
1 o)) 1 o1 a1t 1 I o1/ omy—1 ~1,.(3)
NE{ 55" a7 | = pew X (ST IS TWE KA 4 TS WK
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= An3+ Ini3 = Az + Jis,

=AN1a+ INj1a = Dig + T4,
;E{ 62(5 65T } = 041N TST) 7187 1Xu®) = Ay oz + Tn.2s — Aoz + Jos,
]ifE{ 82(5 802 } 206N ST ™ = Ay os + Tnoa — Dos + Jou,
;E{ 502 6ﬂT } = E{XT(ST) 1€}y =0=Anss+ Tnza — Asg + Jau,

where the convergence is due to Condition (C4). We then have
N~teov{06(0)/00} = An + TN — A+ T,
and Condition (D) of Lemma A.2 is satisfied. In summary, the equation
N7Y2R = N"V%TQ(t) =4 N(0,tT(A + T)t)

can be verified. Together with the Cramér-Wold device, it implies that N~1/29¢(0)/00 —4 N(0, A+ TJ),
which completes the proof of Lemma A.3. O

Lemma A.4. Define (2 (0) = 9%(0)/0000", and according to Conditions (C1)-(C4), we have
~N"H2)(0) -, A as N — oo.

Proof.  We first evaluate the second-order derivatives of ¢(#) as follows:

2
8;;5) = tr(WK 'K~'W) - %YTWT(ST)*IS*WY,
82€() 1 1 2 T\—1y1/ T/ oT\—1y1/T/ gT\—1¢g—1
5 (WSSW)UG(S)W(S)W(S)SG
— %GT(ST)*WT(ST)*IS*WS*G,
826(9) _ 1 Ty\—1¢g-—1 826(0) _ N T/ qoT\—-1¢g—1
W**QX(S) S7IX, (G022 ﬁffc; (sH—ts 'q,
825(9) 1TTTlTTll Ty TroTy—1g—1 -1
apav——ﬁYW(S)W(S)SG YW(S)SWS G,
82€(0) 1 Ty /TrqoT\—1g—1 82[(9) T/ qgTy—1 T/rqoT\—17-—1
apaaz_—;YW(S) s, 97907 = EG (SHtwr(shHtkta,
826(0) T T 1g—1 82[(9) 2 T T 1 T Ty\—1¢g—1
- 1x Y ==X
9p03T X (87)T ST, 9705T =X (ST)TWHST)TSTG,
d%0(0 1, _

Note that E(£) = 0 and E(£€T) = 02I. Then —N~'E{/®(§)} = Ay can be verified. Lastly, we prove
~N"®)(9) = Ay +0,(1). First, we prove —N~12)(9) = ~NTE{((2)(0)} + 0,(1). After an algebraic
calculation, we have

9%(0)

_N1
Op?

1
——tre{WT( KK WY + —{"TWH(KT) 'K Wel
N No?

+W{IBTXTWT(KT)71(ST) 1K 1W} N {ajf; )}

Let H=WT(KT)7'!K='W and B = g*XTWT(KT)=1(ST)"!K~'W. According to Lemma A.1 and
Conditions (C2) and (C3), we have

sup |[WHED)'K'W|, < o0
N>1
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and

sup N ~*||vec B||5T1 < oo
N>1

Thus, Conditions (A) and (B) of Lemma A.2 hold. Accordingly,
—~N7'9%0(0)/0p* = —N " E{0%0(0)/9p*} + 0,(1)
is verified by Lemma A.2. Following the same logic, we can show that
NP () = —NTE{P(6)} + 0,(1).

Consequently, the variance of each component of N~1/(2) () is O(N~'). Combining this result with
Condition (C4), we have —N~142)(9) = Ay +0,(1) =, A. This completes the proof of Lemma A.4. [

Appendix B Proof of Theorem 3.1

Theorem 3.1 is to be proved in the following two steps. In the first step, we show that 6 is v/ N-consistent.
In the second step, we verify that 6 is asymptotically normal.

Step 1 (Consistency). Here, we want to prove that 6is VN -consistent, i.e., there is a local optimizer 6

such that ||§ — 6|| = O,(N~/2). Following Fan and Li [12], it suffices to show that for any e > 0, there
is a finite constant C' > 0 such that

P{ sup 0O+ N~V2y) < e(a)} >1-e (B.1)

lull=c
To this end, we employ Taylor’s expansion and obtain

R(O) = €0+ N %) — 00) = N 200 oy S

U 9e00T

u+op(1). (B.2)

According to Lemma A.3, we know that N~/29/(0)/96 = O,(1). In addition, according to Lemma A .4,
we have N~19%((0)/0000" = —Ay + 0,(1) — —A. Because of |lu|| = C, the first term in (B.2) is
uniformly bounded by C|[N~/29¢(0)/00||, which is linear in C' with the coefficient || N~/29¢(9)/00)||
= O,(1). On the other hand, the second term in (B.2) is uniformly larger than (2N)™!Apin(An)C?
—p (2N) " Amin(A)C?, where Apin (M) refers to the minimal eigenvalue of any generic matrix M. As a
result, with the probability tending to one, the second term in (B.2) is uniformly larger than 0.5\, AC?,
which is quadratic in C. Therefore, as long as C' is sufficiently large, the second term would dominate
the first term. This completes the first part of the proof.

Step 2 (Normality). Here, we are going to show that 0 is asymptotically normal. We take a Taylor’s
expansion of the estimation equation 9¢(6)/06 = 0 at the true value 0, leading to

9L(0)/00 = dL(0) /00 + 8%0(6)/9000™ (6 — 6){1 + 0, (1)} = 0.

We then have

T N3#IOT [ N 06

According to Slutsky’s theorem and Lemmas A.3 and A.4, we then have

VN(H—6) :{ . ‘W(G)}_ L 9O 4 o)y,

VN -6) = jﬁ{jefgg }_ %(;) +0,(1) =g N(O,A™  + AT TA™Y), (B.3)

which completes the entire proof of Theorem 3.1.



2240 Zhang R et al. Sci China Math  November 2022 Vol. 65 No.11

Appendix C Proof of Theorem 3.2

In the proof of Theorem 3.2, we only present the proof for 7, since the results for T, and T3 can
be proved in a similar manner. Under the null hypothesis of Hy : 0 = 0, we have the constrained
log-likelihood as £,(f) = —N/2log(c?) — (202)~1YTY. We can obtain the constrained QMLE of § as
ég = argmaxy £,(0) = (0,0,0%,6)T with 6 = N1YTY. Then following the same logic in the proof
of (B.3), we obtain

21(0)

NY2(0, —0) = N~V2A 1 (0) 5

+ 0p(1), (C.1)

where A, is the information matrix of £,(#) and we have

A — O(p+2)X(p+2) 0(p+2)xl
g =
015 (p+2) Ay

with Ay = 0~%/2. Combining this result with Theorem 3.1, we have proven that both 6 and ég are
V/N-consistent. According to (B.3) and (C.1), we can obtain

N'Y2(0, — 6) = N~V (A;* - A—l)%(;) + 0p(1) = O,(1). (C.2)
Applying Taylor’s expansion, we have
L0200

Ty = =2{0(0,) — (0)} = (8, = )" 5,57 (0, = 0),

where 6 lies between § and §, and it is also v/N-consistent. According to Conditions (C1)~(C4) and
following the same logic in the proof of Lemma A.4, we have —N ~1{92/(0)}/(0000T) —, A. Combining
the above result with (C.2), we have

Ty :Nil/z(eg )TAN 1/2(é +0p(1)
_ {Nl/z(Agl _ 9 } { 1/2 gl Al)ag:)} +Op(l)
:{ 1/2(A+j 1/286( } A+j 1/2 A—I)A

% (A;l _ A~ A+j 1/2{ 1/2 A+\7) 1/282(90)} +0p(]-)-

We can verify that AJTAAST = At and (A1 — ATHTA(A; — A7) = AP — A, and we further

obtain

T, = {NW(A - J)Wag(;)}Tm + VA - A)

x (A + J)W{Nl/z(A + j>1/28§(;)} +0,(1).

According to Lemma A.3, we have
N=V2(A + 7)7Y2{00(0)} /90 —q N(0,1),

where the dimension of I is p + 3. Let A 4(6),..., \p13, be the eigenvalues of (A + J)Y/2(A .
— A)(A 4 J)Y2. According to the continuous mapping theorem and Slutsky’s theorem, we obtain

p+3
Tg —d Z )\i,g(07 :u( (4))Xz,
=1
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This completes the first part of the proof.

Under the normal assumption of £, the matrix Jny = 0. According to Condition (C4), we have J = 0,
which leads to A4+ 7 = A. In addition, by using the fact that (A;' — A)TA(AJT —A) = A;t — A, the
symmetric matrix Al/Q(A;1 — A)A'/? is idempotent. Let A = (A1, Ag, Az, Ay), where A; (i =1,2,3,4)
correspond to the blocks of A;l. Then we have

I 0
tr{AY2(A;T — A)AY?) = tr{(A; L - A)A} = (T - A;IA) =t { ( Ain (”02)“ ) } =p+2.
I Bt

Combining the above results, we have T, —4 XZ 12, which completes the entire proof.

Appendix D Proof of Theorem 3.3

In this section, we only present the proof of By, while the results for B, and By can be proved in a similar
manner. Let the true value under the local alternative be

Og0 = (pg/\/ﬁ7 79/m7 B;[‘/\/N7 02>T7

the estimator under the null alternative be ég = (0,0,0",6)T with 6 = N='YTY, and the global quasi-
maximum likelihood estimator be § = arg max, £(¢). We take a Taylor’s expansion of 9¢(0,)/00 = 0 at
040 — Oy, where O, = 0,/vV/N = (QgT/\/N, 0)" and 0, = (pg, 74, Br,0)T. This leads to

g

0040 — ) D20(0,) -
gae = + aeaeg[‘ (99 - (990 - HQN))7

dl(6,)/00 =

where éq lies between 6, and 6,9 — 6,. We then have

\/N(gg —040) = { l82£(9g) }_ L@Z(GQO —byn) . \/ﬁegzv,

N 9000T [ /N 90
- a0
VN(fy —0) = N"V2(A - A‘l)% —VNb,n + 0,(1).

By Theorem 3.1 and Lemma A.4, we have
VN —0,0) —a NO,A™ + AT TATY)

and

—N"Ho%(0)}/(0000") —, A.

Applying Taylor’s expansion and QgN — 0 as N — oo, we have

Ty = —2{t(d,) = £(0)} = (9, — 9)

— {Nl/z(A+J)I/QEM(;(?}T(A+3)1/2(A91 —A) A+ )2
y {N1/2(A+j)1/262(:)} + 0, Aby + 0p(1).

According to Slutsky’s theorem, we obtain

p+3
Ty —a Z )‘i7ng2,1 + v NQ;FNAV NOgn
i=1

under the local alternative setting, where A1 4,..., A\,43 4 are the eigenvalues of

(A+T)P(AF = A) A+ 7).
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The power function is defined as

p+3
By =P(T, > X\ZNeight,g(l —a)| Hy) = P(Z /\i,ngZJ + 9§A9g > steight,g(l - 04))

=1
p+3
= P( Z )‘i,gX?’l > ngeight,g(l - a) — 99TA99>
=1

=1- FQ{X\QNeight,g(l - O[) - GQTAGQ},

where X2 ,n.,(1 — @) is the 1 — a theoretical quantile of the weighted chi-square Zf:l?’ NigXi1 Fy(-)
is the cumulative distribution function of the weight chi-square distribution Zfif )\wx%’l and 6, =
(Pg:79, B4 »0)". Then we can prove that

lim BQ =1- Fg{X?Neight,g(l - O[) - e;rAeg}

N—oc0
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